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v

Review uniform reflection principles in first-order arithmetic.

Show how Peano Arithmetic can be represented as
uniform reflection over Kalmar Elementary Arithmetic.

Present reflection principles in second-order arithmetic and
show how ACA, can also be represented as reflection over
RCAy.

Show how infinitary reflection principles may also be used
to represent more of the ‘Big Five’ systems of Reverse
Mathematics.
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£' = N° denotes the language of first-order arithmetic over the
signature

<o7 1 ’ +7 X)
> A8 formulas: all quantifiers are of the form 3x < t or
Vx < t.
> Y0 X 0(Xe, o, Xn)
> M9 VX 3Xa_q ... 6(Xq,. .., Xn)

We will fix a Gdédel numbering ¢ — "¢ and define numerals

n=0+1+4...4+1.
N————

n
We assume all theories are elementarily presented:
TH¢ < 3x Proofr(x,"¢").
N

0
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v

Or¢ := Ix Proofr(x,"¢")

> Or¢ = O
» T:=0=0
> | = =T

v

Cons[T] := 07T € MY
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Some first-order theories of arithmetic

Induction schema:
I = $(0) AVX(d(X) = d(x + 1)) — VXxo(x).
Ir={lp:peT}.

» Robinson’s Q: Includes axioms for +, x but no induction.
» Kalmar elementary arithmetic:

EA := Q + IAJ + “the exponential function is total”

» Peano arithmetic:
PA:=Q+/n°
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Arithmetic reflection principles
Statements of the form
“If ¢ is provable in T then ¢ is true.”

Formally,
Urg — ¢.

» If ¢ is a sentence, this is an instance of local reflection.
» Uniform reflection generalizes this to formulas ¢ = ¢(x):

RFN,[T] = Vx(Oré(X) — ¢(x)).

If I is a set of formulas,

RFNF[T] := {RFN,[T]: ¢ € T}.
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Extending theories by reflection

Léb’s rule: T only proves its reflection instances when we
already have that T I ¢:

THOrg — 6
 TrRe

This generalizes Gédel’s second incompleteness theorem if
¢=1:
TEOTT
THL -



Arithmetic through reflection

Theorem (Kreisel and Levy)
PA = EA + RFN[EA].
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Theorem (Kreisel and Levy)
PA = EA + RFNI[EA].

More specifically:

Theorem (Beklemishev)
Foralln>1, I£, = EA + RFNs, ,[EA].

This was previously proven for n > 2 by Leviant using PRA.
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Reflection proves induction
Reasoning in EA + RFNIEA]:

» Consider an instance /¢ of induction:
$(0) AVX(9(X) = ¢(x + 1)) = VxB(x).

» If » has unbounded quantifiers then EA cannot prove ¢
directly.

» However, for any n, EA can prove that
$(0) AVX(D(X) = d(x + 1)) = o().

» EA can even prove this fact:
v Oa (6(0) A ¥x(6(x) = 6(x + 1)) = 6(R)).

» By reflection we have /¢.
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The ‘standard’ proof of reflection

All axioms of EA are true, and all rules preserve truth. Thus by
induction on the length of a derivation, all theorems of EA are
true.

Formally, we are proving by induction on n that

V¢ € N2 (Proof(n, ¢) — True(s)).

But in the language of PA, we have only partial truth predictes
Truen,. So we need to bound the complexity of formulas
appearing in our derivations.

Solution: Cut elimination!



The Tait calculus

Sequent-based calculus, where all negations are pushed down
to atomic formulas.

(LEM) o, -
o ¢ Mo
(n) “Tonu (V) F vy
I, é(v) I, o(1)
(¥) M, Vxp(x) (3) I, Axp(x)
(cuT) Le T~¢ - I',wp’

where « is atomic and v does not appear free in T.
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Cut elimination

Theorem

It is provable in PA that any sequent derivable in the Tait
calculus can be derived without the cut rule.

In fact, we do not need full PA.

Let EA™ be the theory EA+“the superexponential is total”.

Then, EA™ suffices to prove cut-elimination.
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Induction proves reflection
Reasoning in PA:

v

v

Suppose that EA | ¢.

By the cut-elimination theorem, we have a cut-free proof of
_‘a17---a_‘04m7¢

where the «;’s are an axiomatization of EA.

We can prove by induction that

VI (F T — Truen,(\/T)),

where n is large enough so that all negated axioms of EA
and ¢ are in Ip,.

Since all axioms of EA are provable in PA, we conclude
that ¢.
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Strong extensions of T

We may obtain stronger reflection principles by passing to
possibly non-computable extensions of T.

For n € N, define [n]r¢ if and only if ¢ is provable from T using
an oracle for N9 sentences.

Formally,

[nl7¢ = 3y (Truen (¥) A Or(v = ¢)) € T01.
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Reflection and n-consistency

We may then consider principles of the form [n]r¢ — ¢, or
simply (n)7¢ := =[n]7—¢:

Theorem
Foralln e N,
EAE (N)7T « RFNZ%[T].

Corollary
PA =EA + {<I_7>EAT n< w}.
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Second-order arithmetic

Language: Add to the first-order arithmetic language:

» set-variables X, Y,Z,...

» new atomic formulas t € X

» second-order quantifiers v.X, 3X

» N}, =} formulas have n alternating second-order
quantifiers.
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Basic second-order axioms

Induction axiom (/nd):

VX(OGX/\Vn(neX—>(n+1)eX)—>Vn(neX))

Comprehension axioms: State the existence of sets of the form
{neN:¢(n)}.

CA(I'): comprehension for ¢ € T.

CA(AY) :form e MY, o € 29,

vn(r(n) <> o(n)) — 3XVn (n€ X < o(n)).
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Weaker base theories

» RCAp: Q + CA(AY) + 1x9.
(Second-order analogue of PRA).

» RCAS: Q + CA(A?) + Ind + exp.

» ECAg: Q + CA(AD) + Ind + exp.
(Second-order analogue of EA).
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Arithmetic comprehension

ACA, is equivalent to either:
» Q-+ CA(ZY) + Ind.
» Q+ CA(N%) + Ind.

It is conservative over PA.

Goal: Represent ACAq in the form RCAg + R where R is some
appropriate reflection principle.
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First approximation:
Let us first consider the theory

RCA, + {Vn (Orcagd(7) — ¢(n)) : ¢ € ng}.

This will indeed give us the first-order part of ACAg (Peano
Arithmetic).

However, we do not get any new comprehension.
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Second-order formalization of provability
Instead, we will formalize provability using a least fixed point.
For a theory T, let Thm(P) be a formula stating:

P is the least set containing all axioms of T and
closed under the rules of T.

Then define

[0]7¢ = VP(Thmr(P) — ¢ € P).

Note: (0) T implies 3P Thmt(P).
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Our second approximation

For a set of formulas I', we define the schema
0-RFNr[T] =VX Vn([0]7¢(h) — qb(n)).

(forp eT).

Our second approximation is

RCAo -+ 0-RFNgo[RCAo].
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Does 0-RFN;s[RCAo] prove ACAo?

Idea: Let ¢(n) be a 9 formula. We wish to form the set

{n:o(n)}.

Reasoning in RCAq + O—F?FNz?[RCAo], there exists P such that
Thmgca,(P) holds. We instead form the set

E={n: ) e P}.

» If n € E then ¢(n) holds by reflection.
» If ¢(n) then n € E should hold by £9-completeness.
» But we lose completeness when ¢ has free set variables!
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Oracle reflection

Let 0-OrRFN([T] = VX ¥n ([0|X]7é(R, O) — 6(n, X)).

Theorem
ACAo = RCAy + 0-OrRFNp; [RCA].
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Proving reflection in ACAy

» A set satisfying Thmgca,x(P) can be constructed within
ACA( by
P = {¢ : E|XPrOOfRCA0|X(X, ¢)}

» Then we may use w-models of RCAq to prove reflection.
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w-models

Definition

An w-model is a set M = (M) pen Of subsets of N. We write
M = ¢ if ¢ holds when all first-order quantifiers range over N
and all second-order quantifiers over {9, } ey

A satisfaction class on 9t is a set S such that for all ¢, ¢ € S'if
and only if M = ¢.

A partial satisfaction class on 9t for I is a set S such that for all
perl,¢pe Sifandonly if M = ¢.
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w-models of RCA,

Theorem
ACA, proves that, given any set X, there is an w-model 9t of
RCA, such that M = RCAq and My = X.

Theorem

Given a finite set of formulas ', ACA, proves that, given an
w-model M, there is a partial satisfaction class S for the set of
substitution instances of formulas of I and their subformulas.
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Reflection via w-models

Reason in ACAy:

» Fix a formula ¢(n, Z) = VX3Yvy(n, X, Y,Z) € N} and
assume that RCAg|Z proves ¢(n, O).

» Then there is a cut-free derivation of
= -Axy ey —|AXm, ¢(Fl, O)

» Let X be an arbitrary set and build an w-model 9t
containing X with a satisfaction class S for I'.

» Prove by induction on the length of a derivation that ' € S.

» By upwards-persistence of Z] formulas, 3Yy(n, X,Y,2)
holds in N.

» But X was arbitrary, so VX3Yy(n, X, Y, Z) holds in N.
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Strong provability operators

Notation: [n]pl := (n,T) € P

Definition
A iterated provability class of depth n > 0 for a theory T is a set
P such that

1. For all axioms Ax of T, [0]TAX;

2. ffm<n
Ay Ay
T
is arule of T and for all i < k we have that [m]pA; then
also [m]prl;

3. ifi < j < nandforall k, [i]p(T, p(k)), then []]p(I, ¥x ¢(x)).
Let /IPC(P) be a formula expressing that P is an iterated
provability class of depth nfor T.
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Reasoning about strong provability operators in ACA,

Theorem

Given n > 0 and a theory T, it is provable in ACAq that an
iterated provability class of depth n exists for T.

Definition
We define

[T := VP (IPCF(n, P) — [n]pl).

[n|X]7T is defined similarly but with an oracle for X.

If cuts are not allowed we will write [n|X]¢T (although then we
may also add negated axioms to I').
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Strong reflection and consistency

Definition
Given a theory T and a set of formulas I', we define schemas
» n-OrCons&[T] = VXVx ~([A|X]¥ ¢(X, O) A [A| X]9~¢(X, O))
» n-OrRFNE[T] = VX vx([n|X]¥4¢(x, O) — ¢(x, X)),
where ¢ € T.
Theorem
The following theories are equivalent:
> ACAO
RCAq + O-OrRFNZQ[RCAO]
RCAq + 1-OrConsZ,[RCA]
1
RCA, + {n-OrConst, [RCAo] : n € N}
RCAo + {h-OrRFNﬁ’} [RCAp] : n € N}
2

v

v

v

v
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Well-orders in second order arithmetic

Well-orders are represented by pairs A = (||, <a), where
» |A] is a set of natural numbers
» <p C |A| x |A| well-orders A.

Let wo(A) be a formula stating that A is a well-order.

A is definable if there are formulas §, o such that
1. for all n, n € |A] if and only if §(n);

2. forall n,m e |A|, n <px mifand only if o(n, m).
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Beyond ACA,

We can iterate w-rules along any well-order A using the same
definition as in the finite case.

Given a definable well-order A and a theory T, we can consider

TA=T+ /\-OrConsgf?[RCAo].

We have seen that ACAy = J,,., RCAg.

But we may consider RCA} for transfinite A.

Question: Are any of the theories RCAS equivalent to
well-known theories?

What if we allow cuts?
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Arithmetic Transfinite Recursion

Define

TRM(X,Y) =VnvA((n, ) € Y < o(n, M\, X, Yo,0)).

The second-order system ATR, is ACAq with the axiom scheme
vxw\(wo(/\) — 3IYTR)(X, Y)),

where the formula ¢ is arithmetic.
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Arithmetic Transfinite Recursion

X Yo Yi Yoo Y. o Yo

Y<Aw+1

Yor1 ={neN:o(n1,X, Yorui1)}

Goal: Use strong reflection principles to represent ATRy.
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Predicative reflection principles
Predicative consistency:

PredCons[T] := VAVX(wo(N) — (A X)71T)
Predicative reflection:

PredRFN,[T] := w\vx(wo(/\) = (N X]7 — ¢))
PredRFN([T] := {PredRFN,[T] : ¢ € T'}

Theorem (Corddn-Franco, DFD, Joosten, Lara-Martin)
The following theories are equivalent:

» ATR,

» RCAq + PredCons[RCAy]

> ACAq + PredRFNpy; [ACA]
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Predicative reflection proves transfinite recursion
Reason in ACAq + PredRFNp; [RCAo]

Given a well-order A and arithmetic ¢(n, X) € N9 _, we wish to

2m’
construct a set R satisfying

VnvA (n € R\ < ¢(n, R<M)).

For this we define

Ry = {n [m- ANTron, (YZ(TRYN(Z) — (R, 2.3)) ) }

The set R satisfies TRQ(R) by completeness and reflection.
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w-models in ATRg

Theorem

It is provable in ATRy that any w-model 9t admits a full
satisfaction class.

Theorem

It is provable in ATR that any set X can be included in an
w-model M[X] for ACA,.
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Transfinite recursion proves predicative reflection

Reasoning in ATRy:

v

Pick a well-order A, a M3-formula ¢ = YX3Yy(X, Y), a set
X and assume that [A|Z]aca, ¢ for some Z.

v

Construct a A-IPC P and consider the w-model [ X] of
ACA, with full satisfaction class S.

v

By a straightforward transfinite induction show that [\] 6
implies 6 € S.

v

In particular M[X] = IYY(X, Y), so IYy(X, Y) holds.
Since X was arbitrary, so does ¢.
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M}-comprehension

N1-CAq: Add to RCA, all axioms of the form
vX3YVn (ne Y < VZ ¢(n, X, Z))

where ¢ is arithmetic.

Impredicativity: The set Y is defined using a collection which
includes Y!
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Unbounded w-logic

Define [oo]7¢ as
“¢ Is provable using an arbitrary number of w-rules.”

Formally:
» Say that P is a saturated provability class for T if

» P contains all axioms of T and is closed under all rules of
the Tait calculus as well as the w-rule;
» P s the least set with this property.
We can write this in a formula SPCt(P).

» Define
[o0] 7T = VP(SPCT(P) ~Te P).

» As before, [oco| X] 7T means that we also have an oracle for
X.
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Existence of an SPC

Theorem
It is provable in N1-CA that given a theory T and a set X there
exists an SPC for T with and oracle for X.

Proof.

» Let C(Y) be a formula stating

Y contains T|X and is closed under all the rules
of w-logic.

v

Define
P={r:vy (e ~rev)}

v

P exists by M} comprehension.
It is not hard to check that P itself satisfies C(P).
By definition, P is contained in any set Y satisfying C(Y),

v

v

hence it is the least such set. ]
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Completeness

Theorem

It is provable in ACAg that for any theory T, if $(X) € N1 then
¢ — [oo| X] 7.
Proof: We proceed by contrapositive.

» If F(Y) is not provable, use a standard proof-search to build
Fr=roCrycry...

which decides any subformula of I' and such that no T; is
derivable.

» Define

v ={n:3i(hg v er)}

» Y*is awitness for =\/T, hence VY \/T(Y) is not true.

Corollary
For ¢ € ¥} it is provble in ACAg that ¢ — 3Z[co|Z] 1.
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Impredicative consistency and reflection

Definition
We define:
» oo-OrConsr[T] :=VX (0| X)71T;
> 00-OrRFNF[T] := VYXVx ([oo| X]7é(X, X) — ¢(X, X))
forgp er.
Observation: Over ACAy, oco-OrCons|[T] implies oo—OrRFNZ} [T]
by M1 completeness.
Theorem
The following theories are equivalent:
> I'I] -CAO
» RCAq + 00-OrCons[RCAy];
» ACA( + oo-OrRFNné [ACAy].
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Impredicative reflection implies Ml comprehension
Reason in ACAq + oo-OrRFNn} [ACAo]:

To construct the set
{n:vXe(n,X,Y)},
we instead consider

{n : [OO| Y]ACAOVng(n, X, Y)}
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3-models and I} comprehension

Definition
A -model is a full w-model 2t such that whenever ¢ € I'I] is a
formula with parameters in 9t such that 9t = ¢, it follows that

N E 6.

Theorem
It is provable in I‘I} -CA, that any set X can be included in an
B-model M[X].

Theorem
It is provable in N} -CA that any 3-model is a model of ATRy, or
even the stronger 1! -Tl.
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Reasoning in N]-CAy:

» Pick a N}-formula ¢ = VX3Yy(X,Y), a set X and assume
that [oo|Z]aca, ¢ for some Z.

» Construct an SPC P and consider the g-model 9t[X] with
full satisfaction class S.
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Ml comprehension implies impredicative reflection

Reasoning in N]-CAy:

v

Pick a Ni-formula ¢ = VX3Yw(X, Y), a set X and assume
that [oo|Z]aca, ¢ for some Z.

v

Construct an SPC P and consider the 5-model [ X] with
full satisfaction class S.

v

By a straightforward transfinite induction show that 6 € P
implies 6§ € S.

v

In particular M[X] = IYy(X, Y), so IYy(X, Y) holds.
Since X was arbitrary, so does ¢.
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Conclusions and future work

» We have shown how three of the Big Five theories of
Reverse Mathematics can be represented as strong
consistency or reflection principles over a weak base
theory.

» These principles naturally fall within a large spectrum of
theories between ACAq and M1-CA,.

» Can stronger theories such as I‘I;—CAO be represented in a
similar fashion?

» How about natural theories in the language of set-theory?

» Can these principles be used for N9 ordinal analysis in the
spirit of Beklemishev’s analysis of PA?



Thank you!



