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Preliminaries



The IL logic:

Axioms

« C,:A—> (B—-A)
G A->B-(C) > (A= B)—>A—-0))
¢« (3: (A —>B)—=>(B—-A)

e K- (A—->B)— ([JA—-[]B)

e L:[J[JA—->A) —-[]A

- J,: LA - B) = (A> B)

e L ((A>B) A B>C) = ADC
e I, (Ab C)A (B> C)) —» (AV B C)
e J,: (Ab B) = (OA — OB)

« Js: QAD A



The IL logic

Rules

» Modus Ponnens: Ifll =, Aandll F; A — B, then 1l -, B.

» Weakening: If I =, A, then B,I1 -, A
o Structurality: For any substitution 6 and I1 =, A, then o(11) F;; 6(A)

» Conjunction: 1l +=,; AABIiffllF,; Aandll -, B



Example of Hilbert-style proof in IL

ADAA[L]DA

|([]7A —> 0A) - []DA

. QA — <>—|(|_ —A — —A)
« QA > O(O-AANA)

- (AANOA) D> O(C
« O(O-AANA)D(

“AANA)

A A A)

« AD(AA-A) V(A ADA)

s (AN[]A)VA

c AD (A A

-A)

A QA)) > (A A

—A)V(AA

_|—A)

Applying Lobs-axiom to —A,
By contraposition,
By definition,

By the A-tautologyA - C => A A B — C,
necessitation and J1,

Applying J5to ([ J7A A A),

Since B~ (BA-C)V (B AC), applying
necessitation and J1,

Cases,
What we wanted to prove!



Semantics of IL

For an GL-Frame F' = (W, R) we define W[u] = {v € W| uRv}

We say that F'is an /L—frame with an additional relation §,, for each

u € W with the following properties:
* S, is reflexive

*§,, is transitive

“forv, w € Wlu] if vRw then v§ w.



Interpretation

An IL—model is given by an IL—frame (W, R, {S,} ,cw) such that

ul-[JAiff Vvi(uRy => vIFA)
ulEApD> Biff Vvi(uRy A vIEFA = dw(®@Sw A w i B))



Example of proof in IL
ADAA[]A




Theorem (soundness):

If 7 is an IL-Frame, for each
formula A:

if —,; A,then I F A.




Completeness theorem for IL



Definition

Adequate sets

A set of formulae @ is adequate if:

(). D is closed under the taking of sub formulae,

(i). If B € ®, and B is no negation of another formula, then =B € O,
i). L > L € &,

(iv). If B> C € ®, then also QB, QC e O,

(

v). If B and C are the antecedent or consequent of a >-formula in @, then
B> C e ob.



Definition

<=relation

For ] and A two maximal /L-consistent subsets of formulae of some

finite adequate @, we say that A is a successorof I, 1" < A if and
only If:

- foreach [ |A €1l ,then [ JA, A € A
- thereissome [ |JA &1 ,but[ JA € A



Definition

Let I be a maximal /L-consistent subset of some finite adequate O,
and let Wy be the smallest set such that:

(. T € W

(ii). If A € Wrand A’ be an IL-consistent subset of @ such that
A < A'jthen A" € Wy



Lemma

» < is transitive and irreflexive on W-

» Foreachl € W,

[ JA €l ifandonlyif A € A, forevery A suchthatl < A



Definition

C-critical successors

Let I and A be maximal /L-consistent subsets of some given adequate .
We say that A is a C-critical successor of 1 if and only if

B, I <A
(i). "A, [[]7A € A for each formula A suchthatA D> C € I

Note: every successor of 1 ' is L -critical successor of | .



Lemma

Let I be a maximal /L-consistent in ©

e If (B> C) €1, there exists a C-critical successor A of I, maximal /L
-consistent in @, such that B € A.

e fBD> C €] and B € A for some A is an D-critical successor of I, then
there is some A’, D-critical successor of I, such that C € A"



Completeness theorem for IL



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Proof:
Let O be some finite adequate set that contains —A, and 1, be a maximally

consistent subset of ® containing —A.

We define Wt as the smallest set of pairs such that:
i Iy, <>) € WFO, where < > represents the empty sequence.
i If (I',7) € W, then for any A such that ]’ < A, we have that (A, 1) € Wr.

jii. If (I', 7) € Wr, then (A, 7 < (C>)€E W, for every (-critical successor.



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K ~© A

Proof:

Let O be some finite adequate set that contains —A, and 1 be a maximally consistent subset of ®
containing —A.

We define Wy as the smallest set of pairs such that:

i (g, <>) € WFO, where < > represents the empty sequence.
i If (I, 1) € WFO, then for any A such that 1™ < A, we have that (A, 1) € Wro-

jii. If(I',7) € Wy, then (A, 7* < C > ) € Wy forevery C-critical successor.
I Iy

Notation: for u = (A, ) € W, we denote (1), = A and (1), =7



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

What do we know about W :
- It is finite.

- If u € Wi, and the formula E occurs in the sequence (u),, then



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Definition:
Letv,w E WFO, then

vRw ifandonlyif (v)y < (w),, and
(v); = (w), * o, for some sequence o.

- Claim: R is transitive and Noetherian.



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Definition:
Letu,v,w & WFO, then

vS w ifandonlyif (u); =(v); € (w),, or
forsome C,cand 1, (v), = (u);* < C > *o,
and (W)l — (l/t)l g < C > *T,

- Claim: §,, is well defined on Wro[u], transitive and reflexive relation.



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Definition: for every proposition variable p, and for u & WFO

ul=p ifandonlyif p € (u),

- Claim: for every formula E,
ul=E ifandonlyif E € (u),



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Proof:
B> C e (u),iff VvviuRv AB € (v) = dw(@S,w A C € (w))))

(=) Suppose B > C € (u),. Consider any v € Wr. such that uRv
and B € (v),.



Lemma

Let I be a maximal /L-consistent in ©

e fBD> C €] and B € A for some A is an D-critical successor of I, then
there is some A’, D-critical successor of I, such that C € A"



Lemma

Let I be a maximal /L-consistent in ©

o |f 4 hnd A for somel At )is an D-critical successor of | |, then
there is some A’, D-critical successor of /) such that C € A"



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Proof:
B> C & (uyiff VviuRv A B € (v)y = dw@Sw A C € (w)y))

(=) Suppose B > C € (u). Considerany v € Wy, such that uRv and
B € (v),

Case 1: (u); * < £ > * 1t = (v),, (u)qis an E-critical successor of (w), such that
B € (u),. Then there is a A an E-critical successor of (v)y such that C € A.

Take w = (A, (u)y ™ < E >).




Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Proof:
B> C e (u)yiff VvviuRv AB € (v)) = dw(@Sw A C € (W)y))

(= ) Suppose B > C € (u), Considerany v € Wy, such that uRv and
B € (v),

Case 2: (u); = (v)y, then (u)y < (v)o. Thenfor B> C € (u)y, B € (u),
implies that there is a 1 -critical successor A of (u), such that C € A.
Take v = (A, (u),).




Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Proof:
B> C e (u),iff VvviuRv AB € (v) = dw(@S,w A C € (w))))

( < ) Suppose B > C & (u),, then =(B > C) € (u),



Lemma

Let I be a maximal /L-consistent in ©

e If (B> C) €1, there exists a C-critical successor A of I, maximal /L
-consistent in @, such that B € A.



Lemma

Let I be a maximal /L-consistent in ©

o |If 14, there exists a (C-critical successor A ofl I4/)maximal IL
-consistent in @, such that B € A.



Completeness and decidability of /L

If ¥ A, then there is a finite /L-model K such that K © A

Proof:
B> C e (u),iff VvviuRv AB € (v) = dw(@S,w A C € (w))))

( < ) Suppose B> C & (u)y, then (B> C) € (u)y Let Abea C
-critical successor of (i), such that B € A. Take
v=(4A,(u),* <C>). Forw e W such that v5,w, then C-occurs

in (w), which implies that = C € (v),.



More axioms...



Other Axioms

e M:A>DB—-> AA[L]JCD>DBA[L]C)
e P:A>pB—->[](AD>B)
c W:ADB—> (AD>BA[]0A)

Notation: We write ILS standing for the logic IL + S where S is either axiom M, P, W.



Definition
Let K be the family of frames FF = (W, R, S ),
for which § € {M, P, W}.

e K, foreachu,v,w,x € W, if
vS, WRx, then vRx.



Definition
Let K be the family of frames FF = (W, R, S ),
for which § € {M, P, W}.

e K, foreachu,v,w,x € W, if
vS, WRx, then vRx.

e Ky :foreachu,v,w,x € W,
such that uRv and vRw,
if w§, x then ws, x.



Definition
Let K be the family of frames FF = (W, R, S ),
for which $ € {M, P, W}.

e K,,:foreachu,v,w,x € W, if
vS, WRx, then vRx.

o Ky :foreachu,v,w,x € W,
such that uRv and vRw,
if w§, x then ws, x.

e Ky, : Ro§, is conversely well-
founded foreachu € W.



Theorem (frame conditions):
Let K be the family of frames ' = (W, R, S ), for which S € {M, P, W}.

 For any frame F' € K¢, we have that

F EILS ifandonly if ' € K



Theorem (soundness):

If /7 is an IL-Frame, for each
formula A:

if =, A,then K¢ F A.







