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® Interpretability Logics and Ultrafilter Extensions
® Revisit Ultrafilter Extensions for modal logics

® Introduce Interpretability Logic

e Combine the two
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e () adds a modal attribute to propositions
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® Propositional setting
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® Propositional setting
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Unimodal Modal Logic

® Formulas:
o0 = p|lL(p—=v)]|0p

® Propositional setting
e () adds a modal attribute to propositions
o Like

® Possibility
Ignorance
Formal Consistency

Consistent believes
Spatial
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® Propositional setting
e () adds a modal attribute to propositions
® |ike

® Possibility

® |gnorance

® Formal Consistency

® Consistent believes

® Spatial

® Temporal
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Unimodal Modal Logic

® Formulas:
b = plL(e—=v)] 00
® Propositional setting
e () adds a modal attribute to propositions
® |ike
® Possibility
® |gnorance
® Formal Consistency
® Consistent believes
® Spatial
® Temporal
® etc.
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Relational Semantics

e Kripke frame: (W, R)
® with W non-empty and,
® R an accessibilty relation on W
e Kripke model M: (W, R, V)
® with (W, R) a Kripke Frame
® V avaluation V : Prop — P(W)
® For x € W — we sometimes write x € M- forcing is defined as
° M,xW L
* M,xlFp < xe€V(p)
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® with (W, R) a Kripke Frame
® V avaluation V : Prop — P(W)
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Relational Semantics

e Kripke frame: (W, R)
® with W non-empty and,
® R an accessibilty relation on W
e Kripke model M: (W, R, V)
® with (W, R) a Kripke Frame
® V avaluation V : Prop — P(W)
® For x € W — we sometimes write x € M- forcing is defined as
° M,xW L
* M,xlFp < xe€V(p)
* M,xlF(p—1) <= M, xW¥Fpor M,xlk
o M,xlFOp <= IJyeW (nyAM,yw (p)
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Interdefinability

® Since we work in classical logic we can inter-define other connectives:
* pi=(p—=1)
* (pVi) =—-p—=1
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Interdefinability

® Since we work in classical logic we can inter-define other connectives:
* pi=(p—1)
* (Vi) =—-p—=1
* (pAY):=(p = —Y)
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Interdefinability

® Since we work in classical logic we can inter-define other connectives:
—pi=(p— 1)

(pVY):=—p =19

(p A1) :==(p = —¢)

(e v):=(p =)A= )
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® Since we work in classical logic we can inter-define other connectives:
* pi=(p—1)
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Interdefinability

® Since we work in classical logic we can inter-define other connectives:
* pi=(p—=1)
* (pV) ==
* (pAY):=(p—= )
* () =(e—=Y)N (Y =)

® \We define F ¢ to hold whenever
e For all Kripke models M and all x € M we have M, x IF ¢
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Interdefinability

® Since we work in classical logic we can inter-define other connectives:
—pi=(p = 1)

(p Vi) i=—p =4

(p A1) :==(p = —¢)

(e v):=(p =)A= )

We define F ¢ to hold whenever

For all Kripke models M and all x € M we have M, x IF ¢

Running example: # Op A Og — O(p A q)
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Interdefinability

® Since we work in classical logic we can inter-define other connectives:
—pi=(p— 1)
(pVY):=—p =19
(p A1) :==(p = —¢)
(e v):=(p =)A= )
We define F ¢ to hold whenever
For all Kripke models M and all x € M we have M, x IF ¢
Running example: # Op A Og — O(p A q)
® Binding preference from strong to weaker: {—, 0}, {A,V}, —
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Nice Kripke models

All Kripke models are nice

But some Kripke models are nicer than others

Especially modally saturated models

A model M is modally saturated whenever for all sets of formulas ¥

VE'Chny M xIFOY | = M, xIF QX
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Nice Kripke models

e All Kripke models are nice

® But some Kripke models are nicer than others

® Especially modally saturated models

® A model M is modally saturated whenever for all sets of formulas *
VE'Chny M xIFOY | = M, xIF QX

e Notation: M, x - OF stands for Jy (ny AM, x I r);

[

and M, x I T stands for Vel M, x Ik .
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Nice Kripke models

All Kripke models are nice

But some Kripke models are nicer than others

Especially modally saturated models

A model M is modally saturated whenever for all sets of formulas ¥

VE'Chny M xIFOY | = M, xIF QX

Notation: M, x I~ OT stands for 3y (ny AM, x I r);

and M, x I T stands for Vel M, x Ik .
Without much further motivation:
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Nice Kripke models

All Kripke models are nice

But some Kripke models are nicer than others

Especially modally saturated models

A model M is modally saturated whenever for all sets of formulas ¥

VE'Chny M xIFOY | = M, xIF QX

* Notation: M, x IF T stands for Jy (xRy A M,xIFT);
e and M, x IF T stands for V pell M, x IF ¢.

e Without much further motivation:

® Modally saturated models are very important!

van Benthem modal definability characterisation, Goldblatt-Thomason frame definability characterisation, ...
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Nice Kripke models exist

® Theorem (Goldblatt—Thomason/ van Benthem?)
Each Kripke model M is elementary embedded into a modally saturated Kripke

model M’
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® Theorem (Goldblatt—Thomason/ van Benthem?)

Each Kripke model M is elementary embedded into a modally saturated Kripke
model M’

® Some details:
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® Theorem (Goldblatt—Thomason/ van Benthem?)

Each Kripke model M is elementary embedded into a modally saturated Kripke
model M’

® Some details:
® Embedding is an injection f so that xRy <= f(x)Rf(y);
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Nice Kripke models exist

® Theorem (Goldblatt—Thomason/ van Benthem?)

Each Kripke model M is elementary embedded into a modally saturated Kripke
model M’

® Some details:

® Embedding is an injection f so that xRy <= f(x)Rf(y);
® An embedding is elementary whenever

M, xlFo = M f(x)IFe.
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Nice Kripke models exist

® Theorem (Goldblatt—Thomason/ van Benthem?)

Each Kripke model M is elementary embedded into a modally saturated Kripke
model M’

® Some details:

® Embedding is an injection f so that xRy <= f(x)Rf(y);
® An embedding is elementary whenever

M, xlFo = M f(x)IFe.

® Spoiler: this theorem also holds for interpretability logics
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Nice Kripke models exist

® Theorem (Goldblatt—Thomason/ van Benthem?)

Each Kripke model M is elementary embedded into a modally saturated Kripke
model M’

® Some details:

® Embedding is an injection f so that xRy <= f(x)Rf(y);
® An embedding is elementary whenever

M, xlFo = M f(x)IFe.

® Spoiler: this theorem also holds for interpretability logics

® where things are a bit more subtle
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Ultrafilter extensions

® Title of the talk: Interpretability Logics and Ultrafilter Extensions
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® Title of the talk: Interpretability Logics and Ultrafilter Extensions
e Aim, prove the existence of modally saturated models for interpretability logics
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Ultrafilter extensions

® Title of the talk: Interpretability Logics and Ultrafilter Extensions
e Aim, prove the existence of modally saturated models for interpretability logics
® Guess what:
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Ultrafilter extensions

Title of the talk: Interpretability Logics and Ultrafilter Extensions
e Aim, prove the existence of modally saturated models for interpretability logics
Guess what:

Ultrafilter extensions

® are a way to obtain modally saturated models
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Ultrafilter extensions

Title of the talk: Interpretability Logics and Ultrafilter Extensions
e Aim, prove the existence of modally saturated models for interpretability logics

Guess what:

Ultrafilter extensions
® are a way to obtain modally saturated models
® | et us revisit how they work
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® Two main ideas:
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® Two main ideas:
Idea 1: Identify worlds with their truth extension
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® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]a = {x € M | M,x - ¢}
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]a = {x € M | M,x - ¢}

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
[e]e} 000000800000 000000000000000

Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]ap = {x € M | M, x IF ¢} P(W)
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]m = {x e M | M,x IF o} P(W) ;
e By definition we have
M xlFp <= x€[e]m
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]m = {x e M | M,x IF o} P(W) ;
e By definition we have
M xlFp <= x€[e]m

® Define Thy(x) = {[elm | x € [}

Joosten (UB)

Interpretability Logics and Ultrafilter Extensions

Amsterdam, Wednesday, April 1



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
[e]e} 000000800000 000000000000000

Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]m = {x e M | M,x IF o} P(W) ;
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)
® \We write x € M instead of x € W, etc.
e We define [p]m = {x e M | M,x IF o} P(W) ;
e By definition we have
M xlFp <= x€[e]m

® Define Thy(x) = {[¢]m | x € [e]m} € P(W)
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Worlds and truth-extensions

® Two main ideas:

Idea 1: Identify worlds with their truth extension
Idea 2: Define all to be definable.

® We fix a model M = (W, R, V)

® \We write x € M instead of x € W, etc.
We define [y = {x € M | M,x Ik p}e P(W) ;
By definition we have

M xlkyp <= x¢€[e]m

Define Thpy(x) = {[¢lm | x € [e]m} € P(W) ;
Idea 1: Identify x € M with Th(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)
e Some evident properties of Th(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)
e Some evident properties of Th(x)
* @ ¢ Thu(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)
e Some evident properties of Th(x)
* @ ¢ Thu(x)
* [ela [lm € Thm(x) = [elm N [¥]m € Tha(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)

e Some evident properties of Th(x)
* @ ¢ Thu(x)
* [ela [lm € Thvu(x) = [elm N [¥]m € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)

e Some evident properties of Th(x)
* @ ¢ Thu(x)
* [ela [lm € Thvu(x) = [elm N [¥]m € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)
e Some evident properties of Th(x)
* @ ¢ Thu(x)

* [ela, [¥]m € Thu(x) = [elm N [¥]m € Thm(x)
® For any @ either [o]m € Tha(x) or [e]amr € Thag(x) where A:= W\ A
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On truth extensions

® |dea 1: Identify x € M with Th(x)
e Some evident properties of Th(x)
* @ ¢ Thu(x)

[elm: [¥Im € Thm(x) = [e]lm N [¥lm € Thm(x)
For any ¢ either Jo]am € Thae(x) or [e]amr € Thag(x) where A:= W\ A

If [e]m € Thae(x) and if o]t C [¥] A, then [e]ar € Thag(x)
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On truth extensions

® |dea 1: Identify x € M with Th(x)
e Some evident properties of Th(x)
* @ ¢ Thu(x)

* [ela, [¥]m € Thu(x) = [elm N [¥]m € Thm(x)
® For any @ either [o]m € Tha(x) or [e]amr € Thag(x) where A:= W\ A

If [elm € Tha(x) and if []m C [&)m, then [¥]ar € Tha(x)
e We call [¢]r the set definable by ¢
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On truth extensions

Idea 1: Identify x € M with Th(x)
Some evident properties of Th(x)
* @ ¢ Thu(x)

[elm: [¥Im € Thm(x) = [e]lm N [¥lm € Thm(x)
For any ¢ either Jo]am € Thae(x) or [e]amr € Thag(x) where A:= W\ A

If [elm € Tha(x) and if []m C [&)m, then [¥]ar € Tha(x)
We call [¢]am the set definable by ¢

® Some sets are definable but not necessarily all sets are definable
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On truth extensions

Idea 1: Identify x € M with Th(x)
Some evident properties of Th(x)
* @ ¢ Thu(x)

[Plat [91m € Thu(x) = [elm O [dlm € Thaa(x)
For any ¢ either Jo]am € Thae(x) or [e]amr € Thag(x) where A:= W\ A

If [elm € Tha(x) and if []m C [&)m, then [¥]ar € Tha(x)
We call [¢]am the set definable by ¢

® Some sets are definable but not necessarily all sets are definable

Idea 2: make sets first-class citizens as opposed to formulas
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On truth extensions

Idea 1: Identify x € M with Th(x)
Some evident properties of Th(x)
* @ ¢ Thu(x)

[Plat [91m € Thu(x) = [elm O [dlm € Thaa(x)
For any ¢ either Jo]am € Thae(x) or [e]amr € Thag(x) where A:= W\ A

If [elm € Tha(x) and if []m C [&)m, then [¥]ar € Tha(x)
We call [¢]am the set definable by ¢

® Some sets are definable but not necessarily all sets are definable

Idea 2: make sets first-class citizens as opposed to formulas

This is like defining all sets to be definable.
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An algebraic turn

® |dea 2: Define all to be definable.

e Some evident properties of Th(x)

2 ¢ Tha(x)

[elae, [l € Tham(x) = [elm N [¥]m € Tha(x)

For any ¢ either [ € Thag(x) or [e]amr € Thae(x)

If [e]m € Thae(x) and if o] C [¥0]ar, then [e]ar € Thag(x)
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An algebraic turn

® |dea 2: Define all to be definable.
e Some evident properties of Th(x)

* I¢ Thm(x)

* [elrm, [¥]m € Tha(x) = [@lam N [¥]m € Tha(x)

® For any @ either [o]m € Tha(x) or [e]m € Tha(x)

* If [l € Thae(x) and if [o]ar € [¢0]an, then []aq € Thay(x)
® |dea 2: make sets first-class citizens as opposed to formulas
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An algebraic turn

Idea 2: Define all to be definable.
Some evident properties of Th(x)
* @ ¢ Thu(x)
* [olm: [WIm € Tha(x) = [elm 0 [¥]lm € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
® If [plm € Tha(x) and if [o]am € [¢] a4, then []a € Thag(x)
Idea 2: make sets first-class citizens as opposed to formulas
Idea 1: Identify w € M with Th(w)

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 11/29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
[e]e} 000000008000 000000000000000

An algebraic turn

Idea 2: Define all to be definable.
Some evident properties of Th(x)
* ¢ Thy(x)
* [olm: [WIm € Tha(x) = [elm 0 [¥]lm € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
o If [ € Tha(x) and if [p]amr C [¢]am, then [¢]ar € Tha(x)

® |dea 2: make sets first-class citizens as opposed to formulas
e |dea 1: Identify w € M with Thy(w)
[

We define the worlds w to have the following properties

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 11/29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
[e]e} 000000008000 000000000000000

An algebraic turn

Idea 2: Define all to be definable.
Some evident properties of Th(x)
* ¢ Thy(x)
* [olm: [WIm € Tha(x) = [elm 0 [¥]lm € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
o If [ € Tha(x) and if [p]amr C [¢]am, then [¢]ar € Tha(x)

® |dea 2: make sets first-class citizens as opposed to formulas
e |dea 1: Identify w € M with Thy(w)
[

We define the worlds w to have the following properties
°* gdw
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An algebraic turn

® |dea 2: Define all to be definable.
e Some evident properties of Th(x)
* @ ¢ Thu(x)
* [olm: [WIm € Tha(x) = [elm 0 [¥]lm € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
® If [plm € Tha(x) and if [o]am € [¢] a4, then []a € Thag(x)
® |dea 2: make sets first-class citizens as opposed to formulas
® |dea 1: Identify w € M with Th(w)
e We define the worlds w to have the following properties
°* gdw
* ABew = ANBew
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An algebraic turn

® |dea 2: Define all to be definable.
e Some evident properties of Th(x)
* @ ¢ Thu(x)
* [olm: [WIm € Tha(x) = [elm 0 [¥]lm € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
® If [plm € Tha(x) and if [o]am € [¢] a4, then []a € Thag(x)
® |dea 2: make sets first-class citizens as opposed to formulas
® |dea 1: Identify w € M with Th(w)
e We define the worlds w to have the following properties
°* gdw
* ABew = ANBew
® Forany Aeither AcworAcw
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An algebraic turn

® |dea 2: Define all to be definable.
e Some evident properties of Th(x)
* ¢ Thy(x)
* [olm: [WIm € Tha(x) = [elm 0 [¥]lm € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
o If [ € Tha(x) and if [p]amr C [¢]am, then [¢]ar € Tha(x)

® |dea 2: make sets first-class citizens as opposed to formulas
e |dea 1: Identify w € M with Thy(w)
[

We define the worlds w to have the following properties
°* gdw
* ABew = ANBew

For any A either Ac wor Acw

IfAcwandif AC B, then Bew

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 11/29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
[e]e} 000000008000 000000000000000

An algebraic turn

® |dea 2: Define all to be definable.
e Some evident properties of Th(x)
* & ¢ Thym(x)
* [elrm, [¥]m € Tha(x) = [@lam N [¥]m € Tha(x)
® For any @ either [o]m € Tha(x) or [e]m € Tha(x)
® If [o]m € Tha(x) and if [l € [¥]m, then []ar € Thay(x)
Idea 2: make sets first-class citizens as opposed to formulas
Idea 1: Identify w € M with Th(w)
We define the worlds w to have the following properties
°* gdw
* ABew = ANBew
® Forany Aeither Ac wor Acw
o fAcwandif AC B, then Be w
Idea 1 4 ldea 2 = worlds are ultrafilters over W
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there
* Easy to see [Op]r = R ([¢]m)
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

® Easy to see [Op]m = R ([e]m)
* x € [0plm =
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

® Easy to see [Op]m = R ([e]m)
* x € [0plm =
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

® Easy to see [Op]m = R ([e]m)
* xe[[0plm = M, xlFQp

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 12 /29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
[e]e} 000000000000 000000000000000

Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

® Easy to see [Op]m = R ([e]m)
* xe[[0plm = M, xlFQp

° dy (ny A /\/l,yll—<p> —
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

® Easy to see [Op]m = R ([e]m)
* xe[[0plm = M, xlFQp

° dy (ny A /\/l,yll—<p> —

* Jy (XRy A ye€ [[‘P]]M) — xR Y([elm).
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Relating algebraic worlds

Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

Easy to see [Op]m = R[] m)
* xe[[0plm = M, xlFQp

° dy (ny A /\/l,yll—<p> —

* Jy (XRy A ye€ [[‘P]]M) — xR Y([elm).

( If yIF A, then x I OA) <= xRy;
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Relating algebraic worlds

Worlds are ultrafilters, we write f, g, ...
® Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

Easy to see [Op]m = R[] m)
* xe[[0plm = M, xlFQp

° dy (ny A /\/l,yll—<p> —

* Jy (XRy A ye€ [[‘P]]M) — xR Y([elm).

( If yIF A, then x I OA) <= xRy;

In the canonical model: ( If y I A, then x I <>A> <= xRy;
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Relating algebraic worlds

e Worlds are ultrafilters, we write f, g, ...
Where the sets of the ultrafilter are the idealised ‘formulas/sets’ being ‘true’ there

Easy to see [Op]m = R[] m)
* xe[[0plm = M, xlFQp

° dy (ny A /\/l,yll—<p> —

* Jy (XRy A ye€ [[‘P]]M) — xR Y([elm).

( If yIF A, then x I OA) <= xRy;

[}
® |n the canonical model: ( If y I A, then x I <>A> <= xRy;
® We thus define: fR¥g <= VAc g R"}(A) «<— R lgCf
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Summarising: ultrafilter extension of frames

e For § = (W,R) a frame we define:
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Summarising: ultrafilter extension of frames

e For § = (W,R) a frame we define:
e the ultrafilter extension ue(F) = (W, R")
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Summarising: ultrafilter extension of frames

e For § = (W,R) a frame we define:
e the ultrafilter extension ue(F) = (W, R")
® W' = {f | f is an ultrafilter over W};
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Summarising: ultrafilter extension of frames

e For § = (W,R) a frame we define:
e the ultrafilter extension ue(F) = (W, R")

® W' = {f | f is an ultrafilter over W};
® fRU¢g &= R lgCf.

Interpretability logics
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Summarising: ultrafilter extension of frames

e For § = (W,R) a frame we define:
e the ultrafilter extension ue(F) = (W, R")

® W' = {f | f is an ultrafilter over W};
® fRU¢g &= R lgCf.

® Given x € W we denote the principal ultrafilter generated by x by 1,
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Summarising: ultrafilter extension of frames

For § = (W, R) a frame we define:
the ultrafilter extension ue(gF) = (WUe, RU¢)
® W' = {f | f is an ultrafilter over W};
® fRU¢g &= R lgCf.
Given x € W we denote the principal ultrafilter generated by x by 1,
Thus, M, :={AC W | x € A}
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Summarising: ultrafilter extension of frames

For § = (W, R) a frame we define:
the ultrafilter extension ue(gF) = (WUe, RU¢)
® W' = {f | f is an ultrafilter over W};
® fRU¢g &= R lgCf.
Given x € W we denote the principal ultrafilter generated by x by 1,
Thus, M, :={AC W | x € A}
® 7 : x — [l defines an injection 7 : W — W"e
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Summarising: ultrafilter extension of frames

For § = (W, R) a frame we define:
the ultrafilter extension ue(gF) = (WUe, RU¢)

® W' = {f | f is an ultrafilter over W};
® fRU¢g &= R lgCf.

Given x € W we denote the principal ultrafilter generated by x by 1,
Thus, M, :={AC W | x € A}

® 7 : x — [l defines an injection 7 : W — W"e

Not hard to see: xRy <= [1,R"Il,
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Summarising: ultrafilter extension of frames

For § = (W, R) a frame we define:
the ultrafilter extension ue(gF) = (WUe, RU¢)
® W' = {f | f is an ultrafilter over W};
® fRU¢g &= R lgCf.
Given x € W we denote the principal ultrafilter generated by x by 1,
Thus, M, :={AC W | x € A}
® 7 : x — [l defines an injection 7 : W — W"e
Not hard to see: xRy <= [1,R"Il,

Our running example...
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
e the ultrafilter extension ue(M) = (W, R, V'¢)
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
e the ultrafilter extension ue(M) = (W, R, V'¢)
® WU = {f | f is an ultrafilter over W};
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
e the ultrafilter extension ue(M) = (W, R, V'¢)

® WU = {f | f is an ultrafilter over W};
® fRUCg = R lgCf.
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
e the ultrafilter extension ue(M) = (W, R, V'¢)

® WU = {f | f is an ultrafilter over W};
® fRUCg = R lgCf.
* feV'¥(p) = [plmef
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
e the ultrafilter extension ue(M) = (W, R, V'¢)

® WU = {f | f is an ultrafilter over W};

® fRUCg = R lgCf.

* feV'¥(p) = [plmef

® Latter can be rephrased as f IF p <= [pjm € f
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Ultrafilter extensions of models

e For M= (W,R, V) a model we define:
e the ultrafilter extension ue(M) = (W, R, V'¢)

® WU = {f | f is an ultrafilter over W};
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the ultrafilter extension ue(9t) = (WU, R, V')

® WU = {f | f is an ultrafilter over W};

® fRUCg = R lgCf.

* feV'¥(p) = [plmef

® Latter can be rephrased as f IF p <= [pjm € f
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For M = (W, R, V) a model we define:
the ultrafilter extension ue(9t) = (WU, R, V')
® WU = {f | f is an ultrafilter over W};
® fRUCg = R lgCf.
* feV'¥(p) = [plmef
® Latter can be rephrased as f IF p <= [pjm € f
Theorem: ue(M),flF o <= [p]Jm € f
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Ultrafilter extensions of models

For M = (W, R, V) a model we define:
the ultrafilter extension ue(9t) = (WU, R, V')
® WU = {f | f is an ultrafilter over W};
® fRUCg = R lgCf.
* feV'¥(p) = [plmef
® Latter can be rephrased as f IF p <= [pjm € f
Theorem: ue(M),flF o <= [p]Jm € f
Corollary: M, xIF ¢ <= ue(M), NIk
Thus, 7 : x — I, defines an elementary embedding 7 : M — ue(M)
Not hard to see: ue(M) is modally saturated
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® Just as modal logic can be used to speak of a whole range of phenomena:
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Bad publicity

® Interpretability logics stands to interpretability
® as
® Modal logic stands to possibility

® Just as modal logic can be used to speak of a whole range of phenomena:
Necessity, Knowledge, Belief, Commitment, Spatial Reasoning, Temporal
Reasoning, etc.

® interpretability logic can be used to speak of a whole range of phenomena:
formalised interpretability, conservativity, preservativity, tolerance, ...

® Who would call herself a specialist on possibility logic...
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® Formulas:

0,0 = plL](p—=>v)] 0] (p>1)
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Syntax Interpretability Logic

® Formulas:

. = plL(e—=v)[0p](p>¥)
® Propositional setting
® > adds a binary modal attribute to ordered pairs of propositions
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e Veltman frame: (W, R, {5, | x € W})
® with W non-empty and,
® R an accessabilty relation on W that is transitive and conversely well-founded
® not possible to have infinite chains like xoRx; R R . ..

® For each x € W the Sy is a binary relation on x T (x 1 = {y € W | xRy})
® such that Sy is
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Relational Semantics

e Veltman frame: (W, R, {5, | x € W})
® with W non-empty and,
® R an accessabilty relation on W that is transitive and conversely well-founded
® not possible to have infinite chains like xoRx; R R . ..

® For each x € W the Sy is a binary relation on x T (x 1 = {y € W | xRy})
® such that Sy is
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Relational Semantics

e Veltman frame: (W, R, {5, | x € W})
® with W non-empty and,
® R an accessabilty relation on W that is transitive and conversely well-founded
® not possible to have infinite chains like xoRx; R R . ..

® For each x € W the Sy is a binary relation on x T (x 1 = {y € W | xRy})
® such that Sy is

® Reflexive

® Transitive

® xRyRz — yS,z.
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Relational Semantics

e Veltman frame: (W, R, {5, | x € W})
® with W non-empty and,
® R an accessabilty relation on W that is transitive and conversely well-founded
® not possible to have infinite chains like xoRx; R R . ..
® For each x € W the Sy is a binary relation on x T (x 1 = {y € W | xRy})
® such that Sy is
® Reflexive
® Transitive
® xRyRz — yS,z.
e Veltman model: M: (W,R, {5, | x € W}, V)
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Relational Semantics

e Veltman frame: (W, R, {5, | x € W})
® with W non-empty and,
® R an accessabilty relation on W that is transitive and conversely well-founded
® not possible to have infinite chains like xoRx; R R . ..

® For each x € W the Sy is a binary relation on x T (x 1 = {y € W | xRy})
® such that Sy is

® Reflexive
® Transitive
® xRyRz — yS,z.
e Veltman model: M: (W,R, {5, | x € W}, V)
® with (W, R,{S« | x € W}) a Veltman Frame
® V avaluation V : Prop — P(W)
® For x € W forcing is defined as before, now stipulating

* M,xlF(p>t) <= Vy|xRyAM,ylFeo = EIz(ySXz/\./\/l,zll—w>
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We define F ¢ to hold whenever
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Interdefinability

Inter-definability as before;

We define F ¢ to hold whenever
For all Veltman models M and all x € M we have M, x IF ¢
Running example: Z (> r)A(p>s) = (p>rAs)

® Binding preference from strong to weaker: {—, 0}, {A,V}, —, >
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Interdefinability

® |nter-definability as before;
® We define F ¢ to hold whenever
® For all Veltman models M and all x € M we have M, x IF ¢
® Running example: ¥ (g>r)A(p>s) = (p>rAs)
® Binding preference from strong to weaker: {—, 0}, {A,V}, —, >
[ ]

Redundancy:
Fop < —(p>1)
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e All Veltman models are nice

® But some Veltman models are nicer than others
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Nice Veltman models

e All Veltman models are nice
® But some Veltman models are nicer than others

® Especially modally saturated models
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A complication

® \We extend the ultrafilter extension method to obtain saturated Veltman models
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® \We see an essential complication
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A complication

® \We extend the ultrafilter extension method to obtain saturated Veltman models

® \We see an essential complication
® |et us first define
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A complication

We extend the ultrafilter extension method to obtain saturated Veltman models
® \We see an essential complication

Let us first define

D= =0—¢
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A complication

We extend the ultrafilter extension method to obtain saturated Veltman models

® \We see an essential complication

® | et us first define
[} Dgp = _'<>_'Q0
[ ]

M, xIFOp <= Vy (xRy = M,y IF @)
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A complication

We extend the ultrafilter extension method to obtain saturated Veltman models
® \We see an essential complication

Let us first define

D= =0—¢

M, xIFOp <= Vy (xRy = M,y IF @)

We consider a model showing that

Eo(p>g)A=(p>r)— —(p>(qVr))
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A complication

e We extend the ultrafilter extension method to obtain saturated Veltman models
® \We see an essential complication

® |et us first define

® Up:=—=0-p

e M,xIFOp <= Vy (xRy = M,y lF )

® \We consider a model showing that

Eo(p>g)A=(p>r)— —(p>(qVr))

® and see that we essentially need copies of
worlds/maximal-consistent-sets/ultrafilters
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algebraically deal with the > modality

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 21/29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
00 000000000000 000000e00000000

New ingredients

® Just like the unary R~! operator for {), we need to define a binary S~! operator to
algebraically deal with the > modality

® \We need to mark the role of ultrafilters:

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 21/29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
00 000000000000 000000e00000000

New ingredients

® Just like the unary R~! operator for {), we need to define a binary S~! operator to
algebraically deal with the > modality

® \We need to mark the role of ultrafilters:

® Classical theory, de Jongh-Veltman works with criticality labels (one promise at the
time)
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New ingredients

® Just like the unary R~! operator for {), we need to define a binary S~! operator to
algebraically deal with the > modality
® \We need to mark the role of ultrafilters:
® Classical theory, de Jongh-Veltman works with criticality labels (one promise at the
time)
® Modern approach: assuring labels (possibly infinitely many promises simultaneously)
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Algebraic treatment of >

Direct translation:

(9> 0)Iw = {x | Yy (xRy A M,y - o = 3z (yS,2 AM. 2 I 1) )}

[ > 0)ae = {x |ty (xRy Ay € [l = 32 (152 A 2 € [W]u) )}
Thus, we define the abstract algebraic operation in analogy:

S™HA,B) = {x| Vy(ny/\y €EA—3z(ySxzANz € B))}

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 22/29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
00 000000000000 0000000@0000000

Algebraic treatment of >

Direct translation:

(9> 0)Iw = {x | Yy (xRy A M,y - o = 3z (yS,2 AM. 2 I 1) )}

[ > 0)ae = {x |ty (xRy Ay € [l = 32 (152 A 2 € [W]u) )}
Thus, we define the abstract algebraic operation in analogy:
S™HA,B) = {x| Vy(ny/\y €EA—3z(ySxzANz € B))}

This should be a main ingredient to define g5/¢h in the ultrafilter extension
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® a “never r" promise to warrant =(p > r)

de Jongh and Veltman introduced the notion of g-criticality
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Boy scout’s honour

e A model to
¥a(p>qg)A-(p>r) = =(p>(qVr))

Comes with two promises

® a “never ¢" promise to warrant =(p > q)

® a “never r" promise to warrant =(p > r)

de Jongh and Veltman introduced the notion of g-criticality

X <q y reads as y is a g-critical successor of x

and is defined as
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Boy scout’s honour

e A model to
¥a(p>qg)A-(p>r) = =(p>(qVr))

Comes with two promises
® a “never ¢" promise to warrant =(p > q)

® a “never r" promise to warrant =(p > r)

de Jongh and Veltman introduced the notion of g-criticality

X <q y reads as y is a g-critical successor of x

and is defined as
x <,y iff (xll—zﬁbgo — yIF andle—D—w,b)

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1 23 /29



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
00 000000000000 000000000e00000

From criticality to assuringness

. x<<pyiff<x|i—¢>go — yll—ﬂzpandyll—[lﬂb)
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From criticality to assuringness

. x%wyiff<x|i—¢>go — yll—ﬂzpandyll—Dﬂb)

® Positive formulation:
X =gy y iff (XH——@D—'@ — yIF¢andy|l—D¢)
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From criticality to assuringness

o x <,y iff (xII—ngo — yll—ﬂzpandyll—Dﬂb)
® Positive formulation:
X =gy y iff (XH——@D—'@ — yIF¢andy|l—D¢)

® More simultaneous promises:

X <s y iff (x F=¢ >V, es9i = ylFdandyl w)
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From criticality to assuringness

X <, y iff (xII—ngo — yll—ﬂwandyll—Dﬂb)
Positive formulation:

X =gy y iff (X||——|¢D—lg0 — yH—¢andy|l—D¢>

® More simultaneous promises:

X <s y iff (x F=¢ >V, espi =yl andylF w)
Definition of y is an S-assuring successor of x:

X <s y iff <x F=$ >V, espi = ylFdandyl sz)
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Assuringness in an algebraic setting

® Definition of y is an S-assuring successor of x:
X <s y iff (x b=V, cspr = ylkdandyl- w)
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Assuringness in an algebraic setting

® Definition of y is an S-assuring successor of x:
X <s y iff (x b=V, cspr = ylkdandyl- w)
® Definition of g is an S-assuring successor of f:
f<sgiff (S AUgesB)ef — Acgand R1Acg)
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Assuringness in an algebraic setting

® Definition of y is an S-assuring successor of x:
X <s y iff (x b=V, cspr = ylkdandyl- w)
® Definition of g is an S-assuring successor of f:
f<sgiff (S AUgesB)ef — Acgand R1Acg)

* Here R-1A is the algebraic version of the [J whence R1A = R-1(A)
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Assuringness in an algebraic setting

® Definition of y is an S-assuring successor of x:
X <s y iff (x b=V, cspr = ylkdandyl- w)
® Definition of g is an 5- assuring successor of f:
f<5giff( (A, UgesB)ef — Acgand R- 1Aeg)

* Here R-1A is the algebraic version of the [J whence R1A:=R- 1(A)
® Theorem: If x <5 y and if S F 1, then x <5y} y, thus labels can be theories.

Joosten (UB) Interpretability Logics and Ultrafilter Extensions Amsterdam, Wednesday, April 1



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
00 000000000000 000000000080 000

Assuringness in an algebraic setting

Definition of y is an S-assuring successor of x:

X <s y iff (x b=V, cspr = ylkdandyl- w)
Definition of g is an 5- assuring successor of f:

f<5giff( (A, UgesB)ef — Acgand R- 1Aeg)

* Here R-1A is the algebraic version of the [J whence R1A:=R- 1(A)
Theorem: If x <s y and if S F 1), then x <su(y} y, thus labels can be theories.

Algebraic counterpart: in the definition of f <s g we can take S to be a proper
filter!
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Ultrafilter extensions

For §=(W, R, {S,|weW}) a Veltman frame, we define the ultrafilter extension ue(F):
@ W"e is recursively defined:
O (f,()) € WU, for each ultrafilter f over W.
@ (f,o) e W' Af <= (g,07(l)) € W".
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Ultrafilter extensions

For §=(W, R, {S,|weW}) a Veltman frame, we define the ultrafilter extension ue(F):
@ W"e is recursively defined:
O (f,()) € WU, for each ultrafilter f over W.
@ (f,o) e W' Af <= (g,07(l)) € W".
® R“¢ is defined as the transitive closure of R“¢ where RS is defined for

(f,o),(g,0 ~(I)) € W" in the natural way as: (f,0)Ruc.(g, 07 (l)) <= f <, g
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Ultrafilter extensions

For §=(W, R, {S,|weW}) a Veltman frame, we define the ultrafilter extension ue(F):
@ W"e is recursively defined:
O (f,()) € WU, for each ultrafilter f over W.
@ (f,o) e W' Af <= (g,07(l)) € W".

® R"¢ is defined as the transitive closure of RY:, where RS is defined for

(f,o),(g,0 ~(I)) € W" in the natural way as: (f,0)R (g, 0" ()) <— f <, g

one

© 57, is defined as the smallest relation that is reflexive, transitive, so that it
contains R“[(f, )] N R"® and SF where the latter is defined as follows

,0),0ne
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Ultrafilter extensions

For §=(W, R, {S,|weW}) a Veltman frame, we define the ultrafilter extension ue(F):
@ W"e is recursively defined:
O (f,()) € WU, for each ultrafilter f over W.
® (f,o) e W' Af < g=(g,0"(l)) € W"e.
® R“¢ is defined as the transitive closure of R“¢ where RS is defined for

one one

(f,o),(g,0 ~(I)) € W" in the natural way as: (f,0)Ruc.(g, 07 (l)) <= f <, g

one

© 57, is defined as the smallest relation that is reflexive, transitive, so that it
contains R“[(f, )] N R"® and 5(f o) one Where the latter is defined as follows

(f,o)R"(g,7)
<ga >S< )one<h 7_> — <f70>Rue<h?7—/>
(T)et = (7)o
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Ultrafilter extensions

For §=(W, R, {S,|weW}) a Veltman frame, we define the ultrafilter extension ue(F):
@ W"e is recursively defined:
O (f,()) € WU, for each ultrafilter f over W.
® (f,o) e W' Af < g=(g,0"(l)) € W"e.
® R“¢ is defined as the transitive closure of R“¢ where RS is defined for

one one

(f,o),(g,0 ~(I)) € W" in the natural way as: (f,0)Ruc.(g, 07 (l)) <= f <, g

one

© 57, is defined as the smallest relation that is reflexive, transitive, so that it
contains R“[(f, )] N R"® and 5(f o) one Where the latter is defined as follows

(f,o)R"(g,7)
<ga >S< )one<h 7_> — <f70>Rue<h?7—/>
(T)et = (7)o

® Running example
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Main theorems: nice Veltman models exist

e Let M = (F, V) be a Veltman model
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Main theorems: nice Veltman models exist

® Let M = (F, V) be a Veltman model
* ue(M) = (ue(F), V')
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Main theorems: nice Veltman models exist

e Let M = (F, V) be a Veltman model
o ue(M) = (ue(F), VUe)
° (f,o)e V*(p) = I[plmef

Joosten (UB) Interpretability Logics and Ultrafilter Extensions

Amsterdam, Wednesday, April 1



Overview Ultrafilter Extensions for Modal Logic Interpretability logics
00 000000000000 000000000000 e00

Main theorems: nice Veltman models exist

Let M = (§, V) be a Veltman model

ue(M) = (ue(F), V')

(f,o) e V*(p) = [plm€ef

Theorem: M is bisimular to a submodel of ue(M)
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Main theorems: nice Veltman models exist

Let M = (§, V) be a Veltman model

ue(M) = (ue(F), V')

(f,o) e V*(p) = [plm€ef

Theorem: M is bisimular to a submodel of ue(M)
More in particular
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Main theorems: nice Veltman models exist

Let M = (§, V) be a Veltman model

ue(M) = (ue(F), V')

(f,o) e V*(p) = [plm€ef

Theorem: M is bisimular to a submodel of ue(M)

More in particular
e (M, o)R"(N,,7) = xRy
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Main theorems: nice Veltman models exist

Let M = (§, V) be a Veltman model
ue(M) = (ue(F), V')
(f,o) e V*(p) = [plm€ef
Theorem: M is bisimular to a submodel of ue(M)
More in particular
* (My,o)R"(N,,7) = xRy
* xRy = do,7 (Ny,o)R"(Ny,T)
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Main theorems: nice Veltman models exist

Let M = (§, V) be a Veltman model
ue(M) = (ue(F), V)
(f,o) e V*(p) = [plm€ef
Theorem: M is bisimular to a submodel of ue(M)
More in particular
* (My,o)R"(N,,7) = xRy
* xRy = do,7 (Ny,o)R"(Ny,T)
* M,xlFgp <= Vo ue(M), (N, o0)lF¢p
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Main theorems: nice Veltman models exist

Let M = (§, V) be a Veltman model

ue(M) = (ue(F), V')

(f,o) e V*(p) = [plm€ef

Theorem: M is bisimular to a submodel of ue(M)

More in particular
e (M, o)R"(N,,7) = xRy
* xRy = do,7 (Ny,o)R"(Ny,T)
* M,xlF¢p <= Vo ueM),(Nyo)lke

Theorem: ue(M) is modally saturated
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Details can be found at

[ F.F. GoNzALEZ, J.J. JOOSTEN, V.N. ArRrROYO, C.P. BROGI, Ultrafilter
Extensions for Veltman Semantics, arXiv:2603.16754 [math.LO], (2026).
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