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The business model of our research lab

Business focussed: from concrete to abstract

Work presented in collaboration with various co-authors: Moritz Müller, Juli Ponce Solé, David Fernández-Duque, Bjørn
Jespersen, Ana de Almeida Borges, Eduardo Hermo Reyes, Sofia Santiago Fernández, Petia Guintech, Mireia González Bedmar,
Juan Conejero Rodŕıguez, Marina López Chamoza, Eric Sancho Adamson, Aleix Solé Sanchez, Quim Casals Buñuel, Marta Soria
Heredia, Guillermo Errezil Alberdi, Daniel Soussa E Ribeiro, etc.
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Law and Code

• Law essentially discretional
powers when applied

• Hence, open texture is needed

• Any automated process and in
particular, any automated
process in the legal sector need
unambiguity

• The programmer needs to
disambiguate?
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An Example from a recent paper

• What can possibly be wrong
with the following be wrong
with the following:

• Article 6.1.: The daily driving
time shall not exceed nine
hours. However, the daily
driving time may be extended to
at most 10 hours not more than
twice during the week.

• EU Regulation 561/2006 on
road transport
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Small leap in a year, giant step for a truck-driver

• Art. 4. (i) ‘a week’ means the period of time between
00.00 on Monday and 24.00 on Sunday;

• Art. 4. (k): ‘daily driving time’ means the total
accumulated driving time between the end of one daily
rest period and the beginning of the following daily
rest period or between a daily rest period and a weekly
rest period;.

• Daily in daily drivingtime is not a subsective modifier,
rather daily drivingtime is a privative phrase

• Weekly in weekly rest is a subsective modifier, but of
the informal notion rather than of the formal/technical
one

• UTC and 27 leap seconds
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Small leap in a year, giant step for a truck-driver

Sunday (24:00h) Sunday (24:00h)Sunday (24:00h)
Week 1 Week 2

Daily driving

• Underspecifaction

• Are we free to optimise?
Some software does.
With or without leap
seconds?

• Non-locality!
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Non-locality in weekly rest periods

Regulation (EC) No 561/2006
§8.6. In any two consecutive weeks, a driver shall take at least:

• two regular weekly rest periods [of at least 45 hours], or

• one regular weekly rest period and one reduced weekly rest period of
at least 24 hours. However, the reduction shall be compensated by an
equivalent period of rest taken en bloc before the end of the third
week following the week in question.

A weekly rest period shall start no later than at the end of six 24-hour
periods from the end of the previous weekly rest period.

§8.9. A weekly rest period that falls in two weeks may be counted in either
week, but not in both.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 7 / 68
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Let’s break it down...

• Regular weekly rest: ≥ 45 hours

• Reduced weekly rest: ≥ 24 hours

• Each rest period is assigned to only one week it intersects

• Every week must have a regular or reduced weekly rest

• Every other week must have a full weekly rest

• Any reduced rest must be compensated by a continuous block in the
following three weeks

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 8 / 68
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Combinatorics of rest assignments

Can we assign a week to each rest period so that each week is assigned to
at least one rest period?

A B C D E F G

In principle this is an NP problem (assign 0 or 1 to each rest period
according to whether it should belong to the earlier week or the later
week).
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Non-locality of compensations

A

44 45 45 45 24 45

B

Illegal

A

44 45 44+1 45 24 45+1

Legal

44

A

45 45 24 45

B

This can be iterated indefinitely: non-locality
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Small leap in a year, giant step for a truck-driver

minute labelling
no shift

minute labelling
shift d

second labelling

0 1 2 3

0 1 2 3

d

� Rest
� Driving

(51) Given a calendar minute, if DRIVING is registered as the activity of
both the immediately preceding and the immediately succeeding
minute, the whole minute shall be regarded as DRIVING.

(52) Given a calendar minute that is not regarded as DRIVING according
to requirement 051, the whole minute shall be regarded to be of the
same type of activity as the longest continuous activity within the
minute (or the latest of the equally long activities).

Regulation (EU) 2016/799

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 11 / 68
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Candidate: monadic second order logic MSO

Starting point
Borges, Conejero, Fernández-Duque, González, Joosten.
To drive or not to drive: A logical and computational analysis of European
transport regulations. Information and Computation 280, 2021.
• naturally formalizes Regulation 561.
• model-checking in time f (|φ|) · |w |, Parameterized Complexity

where f : N → N is some computable function.
• but f grows very fast:

Theorem (Frick, Grohe 04)
Assume P ̸= NP. Then MC(Σ∗,MSO) is not decidable in time

f (|φ|) · |w |O(1)

for elementary f : N → N.

Hence MSO is not sufficiently tractable.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 12 / 68
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Candidate: linear time temporal logic LTL

Model-checking in time O(|φ| · |w |), but not sufficiently expressive and not
sufficiently succinct
Example Article 6.2: The weekly driving time shall not

exceed 56 hours

Straightforwardly formalized over words of length 1w : disjunction of∧
d≤D

(∧
rd≤i<ℓd+1

#i¬d ∧
∧

ℓd≤i<rd
#id

)
for all D ≤ 1w and
all r0 := 0 ≤ ℓ1 < r1 < · · · < ℓD < rD < ℓD+1 := 1w with∑
1≤j≤D

(rj − ℓj) ≤ 56h

This has >
(7·24·60

56·60
)
> 102784 many disjuncts.

Warning
Algorithmic laws could use large constants for time constraints.
Model-checking complexity should scale well with them.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 13 / 68
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FrameTitle

Using bisimulation techniques one can prove:

Theorem

There is no L◦,2 formula equivalent to ψ8.6 over the class of eventually
resting models.

Theorem

All L◦U formulas equivalent to ψ8.6 have U-depth at least 1140.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 14 / 68
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The central computational problem of algorithmic law

Need to formalize activity sequences and laws

• formalize activity sequences are words w ∈ Σ∗ over a finite alphabet Σ
e.g, dddrrw formalizes 6 minutes of activities in Σ = {d , r ,w}.

• formalize a law by a sentence in a suitable logic L.

Need algorithm that decides the computational problem

MC(Σ∗, L)
Input: a word w ∈ Σ∗ and a sentence φ ∈ L
Problem: is w legal according to φ, i.e. w |= φ ?

MC(Σ∗, L) is a formal model for algorithmic law (on activity sequences).
Question For which L is it good?

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 15 / 68
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Which MC(Σ∗, L) are good models for algorithmic law?

Tractability
sufficiently fast model-checkers
fine-grained complexity analysis: parameterized complexity theory
important parameter: large time constants in law

Expressivity
test case: formalize Regulation 561

Naturality
readable sentences
sufficiently succinct

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 16 / 68
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Stopwatch automata SWA: syntax

Stopwatch automaton A
Q finite set of states including start, accept
X finite set of stopwatches
λ maps q ∈ Q to λ(q) ∈ Σ
β maps x ∈ X to bound β(x) ∈ N
ζ is the set of (x , q) ∈ X × Q such that x is active in q
∆ is the set of transitions (q, g , α, q′)

where q, q′ ∈ Q, g is a guard, α is an action.

Assignment ξ maps x ∈ X to ξ(x) ≤ β(x)
Guard g is a set of assignments
Action α maps assignments to assignments

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 17 / 68



Law analysis Formally verified software Lost in translation: language models, large and not so large

Stopwatch automata SWA: semantics

Transition system of A
configurations (q, ξ)

switch edges (q, ξ)
0→ (q′, ξ′)

whenever (q, g , α, q′) ∈ ∆, ξ ∈ g , ξ′ = α(ξ)

stay edges (q, ξ)
t→ (q, ξ′)

where ξ′ increases ξ(x) for x active in q tomin{ξ(x)+t, β(x)}

Computation (q0, ξ0)
t0→ (q1, ξ1)

t1→ (q2, ξ2)
t2→ · · ·

tℓ−1→ (qℓ, ξℓ)
reads w := λ(q0)

t0 λ(q1)
t1 · · ·λ(qℓ−1)

tℓ−1

accepts if q0 = start, ξ0 ≡ 0, qℓ = accept, qi ̸= accept for i < ℓ.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 18 / 68
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Example: continuous driving

Article 7 (1st part): After a driving period of four and a

half hours a driver shall take an uninterrupted break of

not less than 45 minutes,...

(drive, 00)
3→ (drive, 30)

0→ (break , 30)
2→ (break , 32)

0→ (work , 32)
0→

(break , 30)
reads dddrr

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 19 / 68
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Automaton that accepts exactly the legal words according
to Reg. 561

week

xweek, xday

break

xbreak, xday,
xweek

reg daily

xdr, xday,
xweek

red daily

xdr, xday,
xweek

reg weekly

xwr, xday,
xweek

red weekly

xwr, xday,
xweek

r

drive

xcd, xday,
xdd, xweek,
xww, xdw

other work

xww, xday,
xweek

w
d

compensate1

xcr, xday,
xweek

compensate2

xcr, xday,
xweek

r

accept

12 states
> 100 transitions
34 stopwatches
23 are nowhere active:

bits
counters
registers

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 20 / 68
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> 100 transitions
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Expressivity and model-checking

Theorem
A set of words is accepted by an SWA iff it is definable in MSO.
Theorem
There is an algorithm that decides

Input: stopwatch automaton A and a word w over Σ
Problem: does A accepts w ?

in time
O
(
|A|2 · tx · |w |

)
where

t := largest stopwatch bound of A
x := number of stopwatches of A

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 22 / 68
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Consistency-checking

Theorem
There is an algorithm that decides

Input: SWAs A,B
Problem: is there a word accepted by both A and B ?

in time
O(|A|3 · |B|3 · tx · sy )

where
t := largest stopwatch bound of A
x := number of stopwatches of A
s := largest stopwatch bound of B
y := number of stopwatches of B

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 23 / 68
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Scheduling

Theorem
There is an algorithm that decides

Input: SWA A, letter a ∈ Σ, word w over Σ, n ∈ N
Problem: compute length n word v over Σ such that

A accepts wv
v maximizes #a(v)

in time
O
(
|A|2 · tx · (|w |+ n)

)
where

t := largest stopwatch bound of A
x := number of stopwatches of A

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 24 / 68
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Lower bound

Know: MC(Σ∗, SWA) decidable in time O
(
|A|2 · tx · |w |

)
Doubt: Is tx tolerable? Can it be improved?

Interesting instances have large t and small x .
Question: replace tx by 100100·x · t100 ?

Theorem
Assume FPT ̸= W[1]. Let f : N → N be a computable function.
Then MC(Σ∗, SWA) cannot be decided in time(

|A| · f (x) · t · |w |
)O(1)

.

Question: Can we hardwire large constants in the data structure using
Hybrid Modal Logic?
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What is certification?

• Is it just a matter of trust?
(combined with some sanity
checks and experience)

• Certificate =⇒ something is
certain

• Verify =⇒ something is
veridical
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The impossibility of unrestricted certification

• A mathematical theorem:

• Unrestricted certification is
impossible.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 27 / 68



Law analysis Formally verified software Lost in translation: language models, large and not so large

The impossibility of unrestricted certification

• A mathematical theorem:

• Unrestricted certification is
impossible.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 27 / 68



Law analysis Formally verified software Lost in translation: language models, large and not so large

Restricted certification is possible

We call a program P a universal certifier (wrt its language) when P takes
two inputs

1 another program Q in a language compatible with P and,

2 a specification S in a language compatible with P that describes the
behaviour of the program Q;

and, given two inputs Q and S , the program P outputs:

• “YES” if the program Q does what is said by S and, it will ouput

• “NO” if the program Q does something different as that what is
claimed by S .

Theorem

There does not exist a universal certifier.
This holds for any reasonable class of languages.
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Formally verified software

Components of formally verified/certified software

Σ A Specification: a non-ambiguous mathematical description
of the input-output behaviour of the software

Π Implementation: the code, the software, implementing the
algorithm that does the work.

∆ Proof: a mathematical proof that the program Π functions
as claimed by Σ

The specification Σ is written in a formal language (in our case, the
language of dependent types of the Coq proof assistant).
This begs the question: How to make the specification more
accessible to the general/judicial public?
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What is verification?

Slides FV: González Bedmar
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Ten years of research in Barcelona

Covenant between the University of Barcelona (FBG), Formal Vindications
S.L. & Guretruck S.L.

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 35 / 68



Law analysis Formally verified software Lost in translation: language models, large and not so large

Closing conference
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Time library
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Most important feature: formally verified!
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What is certification?
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Around one-thousand times more expensive!
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A central problem
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Public certification versus formal verification
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Slides Catala: Merigoux
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Can code be the law?
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FRET: Formal Requirement Elicitation Tool

An attempt at bridging formal and natural language
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FRET under the logic loupe: TIMING

TIMING is optional and specifies when response is expected

• immediately

• never

• eventually (the default reading when Timing is omitted)

• always

• within n time units

• for n time units

• after n time units

• . . .

10 timing options
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FRET under the logic loupe: SHALL

SHALL is mandatory
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FRET under the logic loupe: COMPONENT

COMPONENT is mandatory

For example: The Car
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FRET under the logic loupe: CONDITION

CONDITION is an optional feature: a Boolean expression

For example: When Traffic Light Is Red & No Police Car Nearby

Three options: void condition, trigger condition, continual
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FRET under the logic loupe: SCOPE

SCOPE is an optional feature: a finite collection of disjoint time intervals
where the requirement is imposed
Built from a Boolean Mode M with an operator applied to it: O(M)

• before M
• after M
• in M
• not in M
• only before M
• only after M
• only in M
• global (default scope when omitted)

8 operators in total
J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 51 / 68
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FRET under the logic loupe: SCOPE
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FRET under the logic loupe: summary
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FRET under the logic loupe: Semantic templates

8 scope operators
Condition or no condition
7 Timing options
give rise to

8× 3× 10 = 240

so-called semantic templates.
Each of the form

G
(
O(M) ∧ C → T (R)

)
This is a simplified representation of the fragment of LTL covered by this
version of FRET∗

∗ (there are some small letters)
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FRET interface: various language levels
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FRET: interactive sample testing

Users can test the behaviour of their FRET phrases
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Serendipity has it...

• It seems that they wanted to tap into the RTGIL tool (Real Time Graphical

Interval Logic)

• which I think communicates well with SALT (Structured Assertion Language for

Temporal Logics)

• and nuXmv

• which is why they have curious ways of dealing with scopes (in my
opinion)

• which make their way through the LTL translation it seems
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A first translation algorithm

G
(
O(M) ∧ C → T (R)

)
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Second: slightly more promising

G
(
O(M) ∧ C → T (R)

)

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 59 / 68



Law analysis Formally verified software Lost in translation: language models, large and not so large

Simplified architecture
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Simplified architecture: lookup tables
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Comparison and Occam

FRET translation

Our simplified translation (preparing Rocq implementation)
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Spurious findings
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Non-sharing incentives

16th century protagonists: Gerolamo Cardano, Niccolò Fontana (Tartaglia
(stammerer)), Scipione del Ferro, Ludovico Ferrari, etc.

21st century protagonist: ChatGTP, DeepSeek, Mistral, Claude, . . .
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Belief revision appreciation revision

Succes from information theory: Self-attention with triple (queries, keys,
values) in encoders and decoders

Controlled Natural Languages are promising to bridge reasoning and LLMs.

FRET simplification apology: The simpler they are, the better, the closer
the formalisation to the CNL the better
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Applied Logic in Law

It keeps the logician off the street

J.J. Joosten (UB) Logic, CNL & LLMs A’dam, June 26 66 / 68



Law analysis Formally verified software Lost in translation: language models, large and not so large

Fury said to the mouse: Civio vs Bosco

The Bosco computer program : errors in the computation of the social
welfare bonuses
Least requirement: access to source code
In France it is mandatory to publish source code of software that is used in
public administration.
However, access to source code will not resolve all problems
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Thanks
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