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Formalised provability and applications

® Provability is a central notion in logic and metamathematics

® For theories like PA we can write a X1 predicate Cpa(-) such that
PAb <« NEDm(T9)

HAF ¢ <= N DOm(e)
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Formalised provability and applications

® Provability is a central notion in logic and metamathematics

® For theories like PA we can write a X1 predicate Cpa(-) such that
PAb <« NEDm(T9)

HAFp =  NEDua(Te))
Some properties about the provability predicate:
o |f PAF A, then PA F OppA for any PA-sentence A
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Formalised provability and applications

® Provability is a central notion in logic and metamathematics

® For theories like PA we can write a X1 predicate Cpa(-) such that
PAb <« NEDm(T9)

HAF ¢ <= N DOm(e)
Some properties about the provability predicate:

o |f PAF A, then PA F OppA for any PA-sentence A

 If PAF A ¢ —Opa("A7), then
PAF A > —~Opa(70 = 17), that is

PAL A o (DpA("Oz 1) 5 0= 1)
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Formalised provability and applications

® Provability is a central notion in logic and metamathematics
® For theories like PA we can write a X1 predicate Cpa(-) such that

PAFp <= NEDp(¢))

HAF ¢ <= N DOm(e)
Some properties about the provability predicate:

o |f PAF A, then PA F OppA for any PA-sentence A

 If PAF A ¢ —Opa("A7), then
PAF A > —~Opa(70 = 17), that is

PAL A o (DpA("Oz 1) 5 0= 1)
e PA¥Opa("0=17) 5 0=1
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Formalised provability and applications

® Provability is a central notion in logic and metamathematics
® For theories like PA we can write a X1 predicate Cpa(-) such that

PAFp <= NEDp(¢))

HAF ¢ <= N DOm(e)
Some properties about the provability predicate:

o |f PAF A, then PA F OppA for any PA-sentence A

 If PAF A ¢ —Opa("A7), then
PAF A > —~Opa(70 = 17), that is

PAL A o (DpA("Oz 1) 5 0= 1)
e PA¥Opa("0=17) 5 0=1
o ZFCHOpa(0=1") 5 0=1
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Formalised provability and completess

® For theories like PA we can write a X; predicate Opa(+) such that

PAFY <= NEDOpa(T0)

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
00000000000 000000000 000000000000000 000000 0000

Formalised provability and completess

® For theories like PA we can write a X; predicate Opa(+) such that

PAFY <= NEDOpa(T0)

The Opa(-) predicate is £9-complete. That is, for each c.e. set A, there is
an arithmetical formula pa(x) such that

A={neN|N & Opa(pa(n)}-
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Formalised provability: provable structural properties
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Formalised provability: provable structural properties

° PA¥Opa(T0=17) > 0=1
e PAFOpa(1=17) 5 1=1
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Formalised provability: provable structural properties

e PAFOpa("0=1")—0=1
* PAFOpa("l=1")—>1=1
® | 6b's Theorem:
IfPAE Opa("AT) — A, then PAE A, for any PA formula A
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Formalised provability: provable structural properties

* PAFOpa("0=1")—=0=1
* PAFOpa("l=1")—=1=1
® Lob's Theorem:
If PA+ Opa("A7) — A, then PA A, for any PA formula A
® Formalised Lob's Theorem (ignoring GNs):

PA |:|p/_\ <|:|pAA — A) — DPAA

for any PA formula A
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Formalised provability: provable structural properties

e PAFOpa("0=1")—0=1
* PAFOpa("l=1")—>1=1
® | 6b's Theorem:
IfPAE Opa("AT) — A, then PAE A, for any PA formula A
® Formalised Lob's Theorem (ignoring GNs):
PA |:|p/_\ <|:|pAA — A) — DPAA
for any PA formula A
® Characterise all provably structural properties in two steps

® Ln with Formg := L | Prop | Formg — Formg | OFormg
® Define a denotation of £ formulas inside the Lpa formulas
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Arithmetical realizations

An arithmetical realization is any function (-)* taking:

formulas in £ — sentences in Lpp
propositional variables — arithmetical sentences
boolean connectives — boolean connectives
0 — |:|pA

Marseille, May 1
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Arithmetical realizations

An arithmetical realization is any function (-)* taking:

formulas in £ — sentences in Lpp
propositional variables — arithmetical sentences
boolean connectives — boolean connectives
0 — |:|pA

Clearly, for any realization (-)* we have for example

PA - (D(p —~q)— (Op— Dq))*

since
PA+ Opa(p* — q*) = (Opap™ — Opag”)

regardless of (-)*

Marseille, May 1
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The Provability Logic of a Theory

® For a c.e. theory T we define
PL(T) :={p € Lo | for any (-)*, we have T I (¢)*}

® Here (-)* is as before, but now mapping [J to Ot
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The Provability Logic of a Theory

® For a c.e. theory T we define
PL(T) :={p € Lo | for any (-)*, we have T I (¢)*}

® Here (-)* is as before, but now mapping [J to Ot
® We observe that PL(T) is M3 definable
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The Provability Logic of a Theory

® For a c.e. theory T we define
PL(T) :={p € Lo | for any (-)*, we have T I (¢)*}

® Here (-)* is as before, but now mapping [J to Ot
® We observe that PL(T) is M3 definable
A candidate

® GL is the normal modal logic with axioms
® All classical logical tautologies in L like Op vV —[p, etc.
o All distributions axioms: J(A — B) — (OA — OB),
® All Lob axioms: O(OA — A) — TA.

® and rules

A—-B A
® Modus Ponens — 5

® Necessitation —.
OA

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA
000008000000

Quantified reflection calculus QPL(PA) = QPL(HA) Closing
000000000 000000000000000

Solovay's Theorem
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Theorem (Solovay, 1976)
Let ¢ € L. Then:
GLF ¢

)

PA = ()* for any arithmetical realization (-)*
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Solovay's Theorem

Theorem (Solovay, 1976)
Let ¢ € L. Then:
GLF ¢

)

PA = ()* for any arithmetical realization (-)*

Thus, even though PL(PA) is prima facie of complexity M3, it allows for a
decidable description

GL = {p € Lo | for any (-)*, we have PA I (¢)*}
of complexity PSPACE.
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True provability logic

o PA¥ Opa(f0=17) > 0=1
¢ N |=0Opa("¢™") — ¢ for whatever sentence ¢

For a c.e. theory T we define
TPL(T) :={p € L | for any (-)*, we have N |= (p)*}

A priori, complexity above true arithmetic.

However,
TPL(PA) = GLS.

Here GLS is axiomatised by all theorems of GL and all reflection axioms
UA — A with MP as the only rule.
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Solovay for quantified modal logic?

Let £ be the language of relational quantified modal logic:

T, relation symbols, boolean connectives, Vx, and [
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Solovay for quantified modal logic?

Let £ be the language of relational quantified modal logic:
T, relation symbols, boolean connectives, Vx, and [
Define arithmetical realizations (-)® for L y:
formulas in Loy — formulas in Lpa
n-ary relation symbols — arithmetical formulas with n free variables
boolean connectives — boolean connectives
Vx — Vx and OO — Opa

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
000000080000 000000000 000000000000000 000000 0000

Solovay for quantified modal logic?

Let £ be the language of relational quantified modal logic:
T, relation symbols, boolean connectives, Vx, and [

Define arithmetical realizations (-)® for L y:

formulas in Loy — formulas in Lpa

n-ary relation symbols — arithmetical formulas with n free variables
boolean connectives — boolean connectives
Vx — Vx and O — Opa

For a c.e. theory T we define

QPL(T) :={¢ € Loy | for any (-)*, we have T F (¢)°*}
and

TQPL(T) :={yp € Loy | for any ()®, we have N |= (¢)*}
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Solovay for quantified modal logic?

Let £ be the language of relational quantified modal logic:
T, relation symbols, boolean connectives, Vx, and [

Define arithmetical realizations (-)® for L y:

formulas in Loy — formulas in Lpa

n-ary relation symbols — arithmetical formulas with n free variables
boolean connectives — boolean connectives
Vx — Vx and OO — Opa

For a c.e. theory T we define

QPL(T) :={¢ € Loy | for any (-)*, we have T F (¢)°*}
and

TQPL(T) :={yp € Loy | for any ()®, we have N |= (¢)*}

Example: OVxP(x) — VxOP(x)
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Degenerate Quantified Provability Logics

If we define QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)*}, then
it is not hard to see that CQC = QL(PA).
Proof:

-

D)

if mFcqc ¢, then also 7 Fcqc ¢°, whence 7° Fpa ¢°
D Henkin construction in arithmetic
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Degenerate Quantified Provability Logics

If we define QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)*}, then
it is not hard to see that CQC = QL(PA).
Proof:

c

D)

if mFcqc ¢, then also 7 Fcqc ¢°, whence 7° Fpa ¢°
D Henkin construction in arithmetic

QPL(PA + Incon(PA)) = CQC + 0L
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Negative results
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Negative results

Theorem (Vardanyan, 1986 and McGee, 1985)

{closed ¢ € Ly | for any (-)*, we have PA - (¢)*}

is M9-complete.

Theorem (Artemov, 1985)

TQPL(PA) is not arithmetical.

Theorem (Vardanyan, 1985)

TQPL(PA) is N9 complete in true arithmetic.
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Artemov's Lemma

® et F € Lpp be a formula

Lpa
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Artemov's Lemma
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® et F € Lpp be a formula

® Replace arithmetical symbols 0,41, +, x, =
with predicates Z, 5, A, M, E, obtaining
{F} €Ly

{F}
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Artemov's Lemma

QPL(PA) = QPL(HA) Closing
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® et F € Lpp be a formula

® Replace arithmetical symbols 0,41, +, x, =
with predicates Z, 5, A, M, E, obtaining
{F} €Ly

® Go back to Lpa with a realization (-)®

{F}
{F}*
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Artemov's Lemma

QPL(PA) = QPL(HA) Closing
000000 0000

® et F € Lpp be a formula
® Replace arithmetical symbols 0,41, +, x, =
with predicates Z, 5, A, M, E, obtaining
{FreLy
® Go back to Lpa with a realization (-)®
When are F and {F}* equivalent over PA?

Lpa Ly

TN
1 {F}

{F}*
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Artemov's Lemma

® et F € Lpp be a formula

® Replace arithmetical symbols 0,41, +, x, = Lpa Ly
with predicates Z, 5, A, M, E, obtaining
{Frely F
® Go back to Lpa with a realization (-)® (T
When are F and {F}* equivalent over PA? -1 {F}
® Under {T}* to get arithmetical axioms... {F}*
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Artemov's Lemma

® et F € Lpp be a formula

® Replace arithmetical symbols 0,41, +, x, =
with predicates Z, 5, A, M, E, obtaining

{Frely F
® Go back to Lpa with a realization (-)® .

{T}
When are F and {F}* equivalent over PA? D* -1 {F}

® Under {T}* to get arithmetical axioms... {F}*
e .. and under D® to get recursive A® and M*®

Lpa Ly

Vx(Z (x)—>DZ(x))/\Vx(ﬁZ() O0-Z(x)) A
S---A--M---E
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Artemov's Lemma

® et F € Lpp be a formula

® Replace arithmetical symbols 0,41, +, x, = Lpa Ly
with predicates Z, 5, A, M, E, obtaining
{Frely F
® Go back to Lpa with a realization (-)® {-,—}
When are F and {F}* equivalent over PA? -1 {F}
® Under {T}* to get arithmetical axioms... {F}*

e .. and under D® to get recursive A® and M*®

® By Tennenbaum'’s Theorem the model induced by (+)*® is standard,
hence NS <« ({T}AD — {S}) € TQPL(PA)
D= <>T A
Vx(Z(x)— DZ(X)) AV x(=Z(x) — O-Z(x)) A
S---A--M---E
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Robust negative results
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Robust negative results

Vardanyan : {¢ € Loy no modal iterations, just one unary predicate symbol
for any (-)*, we have PA I (¢)*} is M3-complete.
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Robust negative results

Vardanyan : {¢ € Loy no modal iterations, just one unary predicate symbol
for any (-)*, we have PA I (¢)*} is M3-complete.

Berarducci ('89) : {¢ € Loy | for any (-)* € 9, we have PA I (¢)°}

is M9-complete.
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Robust negative results

Vardanyan : {¢ € Loy no modal iterations, just one unary predicate symbol

for any (-)*, we have PA I (¢)*} is M3-complete.

Berarducci ('89) : {¢ € Loy | for any (-)* € 9, we have PA I (¢)°}
is M9-complete.

One easily sees that QPL(PA + Opa L) is r.e., but it seems that
QPL(PA + Opapa L) is also M3-complete.

Theorem (Visser, de Jonge, 2006)

QPL(T) is I_Ig complete for any ¥ 1-sound theory T extending EA.

Archive for Mathematical Logic 2006: No Escape from Vardanyan's
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Open problem for around 60 years

¢ Can we also characterise PL(HA)?
Open question since the sixties of last century.
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Open problem for around 60 years

¢ Can we also characterise PL(HA)?
Open question since the sixties of last century.

® |t is long known that iGL C PL(HA)
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Open problem for around 60 years

¢ Can we also characterise PL(HA)?
Open question since the sixties of last century.

® |t is long known that iGL C PL(HA)
® Mojtaba Mojtahedi recently proved (preprint 2022)

Joosten + (UB+) Formalised provability in constructive arithme
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Open problem for around 60 years

¢ Can we also characterise PL(HA)?
Open question since the sixties of last century.
® |t is long known that iGL C PL(HA)

® Mojtaba Mojtahedi recently proved (preprint 2022)
The logic PL(HA) is decidable.
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Open problem for around 60 years

¢ Can we also characterise PL(HA)?
Open question since the sixties of last century.

® |t is long known that iGL C PL(HA)

® Mojtaba Mojtahedi recently proved (preprint 2022)
The logic PL(HA) is decidable.

® Proving an axiomatisation of the form

iGL+ {00A — OB | for A, B satisfying an intricate technical condition}

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
000000000000 ©00000000 000000000000000 000000 0000

Open problem for around 60 years

¢ Can we also characterise PL(HA)?
Open question since the sixties of last century.

® |t is long known that iGL C PL(HA)

® Mojtaba Mojtahedi recently proved (preprint 2022)
The logic PL(HA) is decidable.

® Proving an axiomatisation of the form
iGL+ {00A — OB | for A, B satisfying an intricate technical condition}

® Conjectured to be PSPACE

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
000000000000 0@0000000 000000000000000 000000 0000

The closed fragment

® For A a modal formula without any propositional variables, the the
situation was known.
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The closed fragment

® For A a modal formula without any propositional variables, the the
situation was known.

® So, A built from T, L, Boolean connectives and [.
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The closed fragment

® For A a modal formula without any propositional variables, the the
situation was known.
® So, A built from T, L, Boolean connectives and [.

® \/isser:
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The closed fragment

® For A a modal formula without any propositional variables, the the
situation was known.
® So, A built from T, L, Boolean connectives and [.
® \/isser:
® For A letterless, one can constructively find o € w U {0}

so that HA - yaA < 4L
where (0% = T
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The closed fragment

® For A a modal formula without any propositional variables, the the
situation was known.
® So, A built from T, L, Boolean connectives and [.

® Visser:
® For A letterless, one can constructively find o € w U {0}
so that HA - yaA < 4L
where 0% = T

HAF ¢ < HAF Opagp
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Propositional logic of HA

® We define PropL(T) = {¢ € Lprwop | for any (-)*, we have T - (¢)*},
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Propositional logic of HA

® We define PropL(T) = {¢ € Lprwop | for any (-)*, we have T - (¢)*},
® |t is not hard to see that CPC = PropL(PA).
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Propositional logic of HA

® We define PropL(T) = {¢ € Lprwop | for any (-)*, we have T - (¢)*},
® |t is not hard to see that CPC = PropL(PA).

® | ikewise, de Jongh:
PropL(HA) = IPC
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Propositional logic of HA

® We define PropL(T) = {¢ € Lprwop | for any (-)*, we have T - (¢)*},
® |t is not hard to see that CPC = PropL(PA).
® | ikewise, de Jongh:
PropL(HA) = IPC
® Pretty stable but
PropL(HA 4 CT + MP)

is unknown.
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Disjunction property

e fHA+ AV B, then HA+ A or HAF B;
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Disjunction property

e fHA+ AV B, then HA+ A or HAF B;

® However, not formalisable in HA (Myhill, Friedman):
HA¥ O(AV B) —» DAV OB

(Take A the Rosser sentence for HA and B its dual)
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Disjunction property

e fHA+ AV B, then HA+ A or HAF B;

® However, not formalisable in HA (Myhill, Friedman):
HA¥ O(AV B) —» DAV OB

(Take A the Rosser sentence for HA and B its dual)
® However (Leivant),

HA+O(AV B) — O(AvUOB)
and, in particular

HA - O(A vV B) — O(0A vV OB)
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Disjunction property

e fHA+ AV B, then HA+ A or HAF B;

® However, not formalisable in HA (Myhill, Friedman):
HA¥ O(AV B) —» DAV OB

(Take A the Rosser sentence for HA and B its dual)

® However (Leivant),
HAFO(AV B) - O(AVvOB)
and, in particular
HA+O(AV B) - O(OAvOB)

® The formalised disjunction property is equivalent over HA to
RFEN(HA)

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1
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Markov's principle

® Markov's Rule is admissible for HA
HAF —-—7 = HAFT®T

For m € NJ
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Markov's principle

® Markov's Rule is admissible for HA
HAF —-—7 = HAFT®T

For m € MY
® Formalisable in HA so that, for example

O(-—-0A) — O0A

is in PL(HA)
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Markov's principle

® Markov's Rule is admissible for HA
HAF —-—7 = HAFT®T

For m € MY
® Formalisable in HA so that, for example

O(-—-0A) — O0A

is in PL(HA)
® And more in general

D(ﬁﬂ(DA >\ DA,-)) - DO(0A— \/D4)

is in PL(HA)

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1
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Admissible rules

® Recall, a rule g is called admissible for a logic L whenever
LFo(A) = Lk o(B)

for any substitution o
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Admissible rules

® Recall, a rule g is called admissible for a logic L whenever
LFo(A) = Lk o(B)

for any substitution o
® For CPC the admissible rules % are just - A— B

Closing
[e]e]e]e}
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Admissible rules

® Recall, a rule g is called admissible for a logic L whenever

LFo(A) = Lk o(B)
for any substitution o
® For CPC the admissible rules g are just - A— B
® For IPC the situation is very different where an example of non-trivial

admissible rule is the so-called Independence of premise principle

-A—BvVvC
(A= B)V(-A— ()

Joosten + (UB+)
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Admissible rules

® Rybakov: admissibility is decidable for IPC
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Admissible rules

® Rybakov: admissibility is decidable for IPC

® Visser: the admissible rules of HA are the same as those of IPC
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Admissible rules

® Rybakov: admissibility is decidable for IPC
® Visser: the admissible rules of HA are the same as those of IPC

® |emhoff: characterisation in terms of Visser rules
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Admissible rules

Rybakov: admissibility is decidable for IPC

Visser: the admissible rules of HA are the same as those of IPC

lemhoff: characterisation in terms of Visser rules
If 4 is admissible for IPC, then JA — OB € PL(HA)

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1
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Visser Rules

® \We define the formula abbreviation:

(A)(Bi,...,Bn) == (A= B1) V...V (A= B,)
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Visser Rules

® \We define the formula abbreviation:
(A)(Bi1,...,Bp) = (A= B1)V...V(A— B))

® Visser's rule (V,) is for

A= N\(E — F)
i=1

is the following
<A ~(BV C)) vD
(A)(E17 R Em Bv C) vD
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Visser Rules

® \We define the formula abbreviation:
(A)(Bi1,...,Bp) = (A= B1)V...V(A— B))

® Visser's rule (V,) is for

A= N\(E — F)
i=1

is the following
<A ~(BV C)) vD
(A)(E17 R Em Bv C) vD

® Visser's rule is admissible for IPC and in lemhoff’s sense these rules
generate all admissible rules.
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Predicate logic of HA

® Recall that QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)°},
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Predicate logic of HA

® Recall that QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)°},
¢ and QL(PA) = CQC.
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Predicate logic of HA

® Recall that QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)°},
¢ and QL(PA) = CQC.
® | ikewise, Leivant:

QL(HA) =1QC

with a recent new proof by van Qosten.
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Predicate logic of HA

® Recall that QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)°},
¢ and QL(PA) = CQC.

® | ikewise, Leivant:
QL(HA) =1QC

with a recent new proof by van Qosten.
® Not stable and (Plisko) already

QL(HA + CT)

is M9-complete.
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Predicate logic of HA

® Recall that QL(T) = {¢ € Lpred | for any (-)®, we have T F (¢)°},
¢ and QL(PA) = CQC.
® | ikewise, Leivant:

QL(HA) =1QC

with a recent new proof by van Qosten.
® Not stable and (Plisko) already

QL(HA + CT)

is M9-complete.
® |t seems that Vardanyan can be extended to QPL(HA).

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1
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Restricted signatures and logics: RC;

Restrict £ to the strictly positive fragment Ly:

Lo=TloNp|Op
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Restricted signatures and logics: RC;

Restrict £ to the strictly positive fragment Ly:

Lo=TloNp|Op

Define a calculus RC; with statements ¢ Frc, 1 where:

0, € Ly

Joosten + (UB+) Formalised provability in constructive arithme
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RC;: Axioms and rules

kT PN
T eNYEYP

Y YEx Y pkx
kX pEYAX

Closing
[e]e]e]e}
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RC;: Axioms and rules

T A E
’ phte T
ok ¢ PAUFY e ov

Y YEx Y pkx
kX pEYAX
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RC;: Axioms and rules

T A E
’ phte T
ok ¢ PAUFY e ov

Y YEx Y pkx
kX pEYAX
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RC; Main result

Theorem (Dashkov, Beklemishev)
Let p,9p € Ly. Then:

GLF ¢ — 1)
(3

(p =) € RCy
i}

PA = (¢ — ¥)* for any arithmetical realization (-)*

)

(¢ — ) € PL(PA)
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Provability for HA
000000000000
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0000

RC; Main result

Theorem (Dashkov, Beklemishev)
Let o, € L. Then:

GLF ¢ — 1)
(3

(p =) € RCy
i}

PA = (¢ — ¥)* for any arithmetical realization (-)*

)

(¢ — ) € PL(PA)

Even though the fragment looks poor, its polymodal (up to w) version
suffices for an ordinal notation up to €¢ and it can perform the main

computations of an ordinal analyses of PA and subsystems
Joosten + (UB+)
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Restricted signatures and logics: QRC;

Restrict £y to the strictly positive fragment Ly v
Terms ::= Variables | Constants

Loy =T | relation symbols applied to Terms | o Ay | Vx ¢ | Q¢
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Restricted signatures and logics: QRC;

Restrict £y to the strictly positive fragment Ly v
Terms ::= Variables | Constants

Loy =T | relation symbols applied to Terms | o Ay | Vx ¢ | Q¢

Define a calculus QRC; with statements ¢ Fqrc, ¥ where:

®, w € E(),V

Joosten + (UB+)

Formalised provability in constructive arithme
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QRC;: Axioms and rules

pET eANYE
N eNY P

Y YEx kY pkx
ek x pEYAx

Closing
[e]e]e]e}
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QRC;: Axioms and rules

O0p = Op ke

T eANYEop Op - O
N eNY P

Y YEx kY pkx
ek x pEYAx
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QRC;: Axioms and rules

O0p = Op orY

ok T AP Op = O
pkF eAY Y -y [ =
© px<t
ey YbEx by obx oF Vxv Vx4
kX pEYAx x & fv t free for x in ¢

Closi
00

ng

[e]e]
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QRC;: Axioms and rules

ok
-
oh T pAYF 0o 00 S ov
ey AP Y . et 1
@) px<t
pEY YvFEx pFY pFx o F VX0 Vxo b o
SOI_X 90|_¢/\X xé¢fvp t free for x in ¢
ok Ylxsc] F ¢[x<c]
plxt] F Y[x<«t] ok
t free for x in ¢ and ¢ c not in ¢ nor Y
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QRC; Main result

Closing
0000

Theorem (de Almeida Borges, J
Let ,7 € Loy. Then: © FQrc; Y

)

PAE (o — v)® for any arithmetical realization (-)*

0
(¢ — ) € QPL(PA)
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Provability for HA
000000000000

Quantified reflection calculus QPL(PA) = QPL(HA)
000000000

Closing
00000@000000000 [e]e]e]e]e]e)
QRC; Main result

0000

Theorem (de Almeida Borges, JjJ)
Let p,vp € Ly . Then: ¢ FQre, ¥

)

PAE (o — v)® for any arithmetical realization (-)*

0
(¢ — ¥) € QPL(PA)

Theorem (Decidability)

QRCy has the finite model property hence is decidable.
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QRC; Main result

Theorem (de Almeida Borges, JjJ)
Let p,vp € Ly . Then: ¢ FQre, ¥

)

PAE (o — v)® for any arithmetical realization (-)*

0
(¢ — ¥) € QPL(PA)

Theorem (Decidability)
QRCy has the finite model property hence is decidable.

Theorem (Positive fragment)

Let ¢ and ¢ be QRCy formulas (no constants) and let QS be any logic
between QK4 and QGL. Then ¢ Fqrc, ¢ if and only if QS F ¢ — 1.
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Computational Complexity
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Computational Complexity

@ ° K K4, GL are PSPACE-complete
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Computational Complexity

@ ° K K4, GL are PSPACE-complete
® K+, K4+, GL+ are polytime decidable
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Computational Complexity

@ ° K K4, GL are PSPACE-complete
® K+, K4+, GL+ are polytime decidable
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Computational Complexity

@ ° K K4, GL are PSPACE-complete
® K+, K4+, GL+ are polytime decidable

® ° GLP is PSPACE complete
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Computational Complexity

® K,K4,GL are PSPACE-complete
K+, K4+, GL+ are polytime decidable

GLP is PSPACE complete
GLP+ is polytime decidable

Closing
[e]e]e]e}
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Computational Complexity

® K,K4,GL are PSPACE-complete
K+, K4+, GL+ are polytime decidable

GLP is PSPACE complete
GLP+ is polytime decidable

Closing
[e]e]e]e}
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Computational Complexity

® K,K4,GL are PSPACE-complete
K+, K4+, GL+ are polytime decidable

GLP is PSPACE complete
GLP+ is polytime decidable

GL.3 is coNP-complete

®

Closing
[e]e]e]e}
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Computational Complexity

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable
® GLP is PSPACE complete

® GLP+ is polytime decidable

©® ° GL.3is coNP-complete
® GL.3+ is polytime decidable
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Computational Complexity

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable
® GLP is PSPACE complete

® GLP+ is polytime decidable

©® ° GL.3is coNP-complete
® GL.3+ is polytime decidable
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Computational Complexity

o
2]
3]
4]

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable
® GLP is PSPACE complete

® GLP+ is polytime decidable

® GL.3 is coNP-complete
® GL.3+ is polytime decidable

® QPL(PA) is M3-complete
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Computational Complexity

o
2]
3]
4]

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable
® GLP is PSPACE complete

® GLP+ is polytime decidable

® GL.3 is coNP-complete

® GL.3+ is polytime decidable

® QPL(PA) is M3-complete

QPL(PA)-+ is decidable
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Computational Complexity
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4]

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable
® GLP is PSPACE complete

® GLP+ is polytime decidable

® GL.3 is coNP-complete

® GL.3+ is polytime decidable

® QPL(PA) is M3-complete

QPL(PA)-+ is decidable
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Computational Complexity

o
2]
3]
4]
(5]

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable
® GLP is PSPACE complete

® GLP+ is polytime decidable

® GL.3 is coNP-complete

® GL.3+ is polytime decidable

® QPL(PA) is M3-complete

® QPL(PA)+ is decidable

® TQPL(PA) is M%-complete in (0)~ (non-arithmetical)
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Computational Complexity

o
2]
3]
4]
(5]

® K,K4,GL are PSPACE-complete

® K+, K4+, GL+ are polytime decidable

® GLP is PSPACE complete

® GLP+ is polytime decidable

® GL.3 is coNP-complete

® GL.3+ is polytime decidable

® QPL(PA) is M3-complete

® QPL(PA)+ is decidable

® TQPL(PA) is M%-complete in (0)~ (non-arithmetical)

® Advanced conjecture:: TQPL(PA)+ is decidable:
(A= B) e TQPL(PA) < AA Q"(A) Fqre, B for n large enough
where Q" denotes n times iterated consistency
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Older escapes to Vardanyan

® Artemov, Japaridze: single variable fragment, fragment of finitely
refutable modal formulas (semantically defined);
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Older escapes to Vardanyan

® Artemov, Japaridze: single variable fragment, fragment of finitely
refutable modal formulas (semantically defined);

® Yavorski, add A — [OVxA
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Some provable and unprovable statements

OVxpEVxOp
VxQp i/ OVxgp

¢ F x|
o Vxi

X not free in ¢ and ¢ not in ¢ nor

Recall that RC,, allows for ordinal notations up to €9 and that it caters ﬂ(l)
ordinal analyses.

Can be extended to RCjy.
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Relational models

Kripke models where:
® cach world w is a first-order model with a finite domain D
® the domain D is the same for every world

® cach constant symbol ¢ and relational symbol S has a denotation at
each world

® there is a transitive relation R between worlds
® constants have the same denotation at every world

® the denotation of a relation symbol depends on the world
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Relational models

Kripke models where:
® cach world w is a first-order model with a finite domain D
® the domain D is the same for every world

® cach constant symbol ¢ and relational symbol S has a denotation at
each world

® there is a transitive relation R between worlds

® constants have the same denotation at every world

® the denotation of a relation symbol depends on the world

® we use assignments g : Variables — D to interpret variables

® we abuse notation and define g(c) := denotation(c) for all
assignments g and constants ¢
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Satisfaction

Let g be a w-assignment.

M, w8 S(t,u) <= (g(t),g(u)) € denotation,,(S)

M,wlFE Qp —
there is a world v such that wRv and M, v IF& ¢

MwlF Vxp <—

for all assignments h ~, g, we have M, w IF" o
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Relational soundness

Theorem (Relational soundness)

If o =1, then for any model M, world w, and assignment g:

M,wiFe o —= M, w8 9.

Closing
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Relational soundness

Theorem (Relational soundness)

If o =1, then for any model M, world w, and assignment g:

M,wiFe o —= M, w8 9.

Countermodels with arbitrarily large domains are needed.
VX, y S0, %, y) ANV X,y S(x,y,X) AV X,y Sy, x, x) EV x,y,25(x,y, 2)

is unprovable in QRC;, but satisfied by every world with at most two
domain elements.
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Relational soundness

Theorem (Relational soundness)

If o =1, then for any model M, world w, and assignment g:

M,wiFe o —= M, w8 9.

Countermodels with arbitrarily large domains are needed.
VX, y S0, %, y) ANV X,y S(x,y,X) AV X,y Sy, x, x) EV x,y,25(x,y, 2)

is unprovable in QRC;, but satisfied by every world with at most two
domain elements.

Can be extended to arbitrary n.

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1
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Relational completeness

Theorem (Relational completeness)

If o t/ 4, then there is a finite model M, a world w, and an assignment g
such that:

M,wlit ¢ and M, w & .

Since QRC; has the finite model property (finite number of worlds with
finite constant domain), it is decidable.
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

Closing
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}
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® Assume ¢ I
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

Closing
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® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke

model M satisfying ¢ and not ¢ at world 1 (the root)
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke
model M satisfying ¢ and not ¢ at world 1 (the root)

® Embed M (with an extra world 0 pointing to the root) into the
language of arithmetic using the regular Solovay construction i — );
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke
model M satisfying ¢ and not ¢ at world 1 (the root)
® Embed M (with an extra world 0 pointing to the root) into the
language of arithmetic using the regular Solovay construction i — );
o Tt Vi Ai
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke
model M satisfying ¢ and not ¢ at world 1 (the root)
® Embed M (with an extra world 0 pointing to the root) into the
language of arithmetic using the regular Solovay construction i — );
o Tt Vi Ai
e Tk /\i;éj(/\i — —|)\j)
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke
model M satisfying ¢ and not ¢ at world 1 (the root)
® Embed M (with an extra world 0 pointing to the root) into the
language of arithmetic using the regular Solovay construction i — );
o Tt Vi Ai
* TENi(Ai = 2A)
* TF A (A = ON))
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke
model M satisfying ¢ and not ¢ at world 1 (the root)
® Embed M (with an extra world 0 pointing to the root) into the
language of arithmetic using the regular Solovay construction i — );
o Tt Vi Ai
* TENi(Ai = 2A)
* TF A (A = ON))
® THAiso(Ni— OV g, A))
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Arithmetical completeness proof

Theorem (Arithmetical completeness)

QRCy1 D {p 1| forany (-)*, we have T - (¢ F¢)*}

® Assume ¢ I

® Take a (finite, transitive, irreflexive, rooted, constant domain) Kripke
model M satisfying ¢ and not ¢ at world 1 (the root)

® Embed M (with an extra world 0 pointing to the root) into the
language of arithmetic using the regular Solovay construction i — );

o Tt Vi Ai

TF /\i;éj(/\i — —|)\j)

T+ Airi (A = ON))

TE Aiso ()‘i - D(ViRj )‘j))

N = Ao
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Arithmetical completeness proof (cont'ed)

Theorem (Arithmetical completeness)

QRCy D {p k1| forany (-)*, we have T + (¢ F ¢)*}

Closing
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Arithmetical completeness proof (cont'ed)

Theorem (Arithmetical completeness)

QRCy D {p k1| forany (-)*, we have T + (¢ F ¢)*}

Closing
0000

® Define S*® as:

(5(xk))* := \/ ()\,- A \/ Ta'= y, mod m)

ieEM (ayeSMi
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Arithmetical completeness proof (cont'ed)

Theorem (Arithmetical completeness)

QRCy D {p k1| forany (-)*, we have T + (¢ F ¢)*}

Closing
0000

® Define S*® as:

(5(xk))* := \/ ()\,- A \/ Ta'= y, mod m)

ieEM (ayeSMi

® Prove a Truth Lemma stating (for i > 0) that
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Arithmetical completeness proof (cont'ed)

Theorem (Arithmetical completeness)

QRCy D {p k1| forany (-)*, we have T + (¢ F ¢)*}

® Define S*® as:

(5(xk))* := \/ ()\,- A \/ Ta'= y, mod m)

ieEM (ayeSMi

® Prove a Truth Lemma stating (for i > 0) that
o if jIF& x then T F X\; = x°*[y+<"g(x)7;
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Arithmetical completeness proof (cont'ed)

Theorem (Arithmetical completeness)

QRCy D {p k1| forany (-)*, we have T + (¢ F ¢)*}

® Define S° as:
(5(xk))* := \/ ()\,- A \/ Ta'= y, mod m)

ieEM (ayeSMi

® Prove a Truth Lemma stating (for i > 0) that
® if ilIF8 x then T\ — x*[y<"g(x)7);
® if i /8 x then T\ — —x*[y<"g(x)7].
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Arithmetical completeness proof (cont'ed)

Theorem (Arithmetical completeness)

QRCy D {p k1| forany (-)*, we have T + (¢ F ¢)*}

® Define S*® as:

(5(xk))* := \/ ()\,- A \/ Ta'= y, mod m)

ieEM (ayeSMi

® Prove a Truth Lemma stating (for i > 0) that
® if ilIF8 x then T\ — x*[y<"g(x)7);
® if i /8 x then T\ — —x*[y<"g(x)7].

¢ Conclude (using external reflection) that
TEX<"e()T & 11X y<"g(x)7]

for relevant x whence PA ¥ (¢ — ¥)*[y<"g(x)7]
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Main results

Theorem (AdAB, DdJ, JjJ, AV)
Let p,vp € Lyy. Then: ¢ FQrey ¥

0
(¢ — ) € QPL(PA)

and: © FQre; ¥

il
(¢ — 1) € QPL(PA)

QPL(PA) = QPL(HA)
900000

Closing
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® Soundness also works for HA
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Main results

Theorem (AdAB, DdJ, JjJ, AV)
Let p,vp € Lyy. Then: ¢ FQrey ¥

0
(¢ — ) € QPL(PA)

and: © FQre; ¥

il
(¢ — 1) € QPL(PA)

QPL(PA) = QPL(HA)
900000

Closing
0000

® Soundness also works for HA

® HA proves: PA is M3 conservative over HA
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Main results

Theorem (AdAB, DdJ, JjJ, AV)
Let p,vp € Lyy. Then: ¢ FQrey ¥

0
(¢ — ) € QPL(PA)

and: © FQre; ¥
)
(¢ — ¥) € QPL(PA)
® Soundness also works for HA ’

® HA proves: PA is M3 conservative over HA
® Complexity of unprovable substitutions using Solovay is not high

Joosten + (UB+)

Formalised provability in constructive arithme

Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
000000000000 000000000 000000000000000 ©00000 0000

Main results

Theorem (AdAB, DdJ, JjJ, AV)
Let p,vp € Lyy. Then: ¢ FQrey ¥

0
(¢ — ) € QPL(PA)

and: © FQre; ¥

0
(¢ = ¥) € QPL(PA)
Soundness also works for HA
HA proves: PA is M9 conservative over HA
Complexity of unprovable substitutions using Solovay is not high
this low complexity is preserved during the translation
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Main results

Theorem (AdAB, DdJ, JjJ, AV)
Let p,vp € Lyy. Then: ¢ FQrey ¥

0
(¢ — ) € QPL(PA)

and: © FQre; ¥

)
(¢ — ¢) € QPL(PA)
Soundness also works for HA
HA proves: PA is M9 conservative over HA
Complexity of unprovable substitutions using Solovay is not high
this low complexity is preserved during the translation
universal quantification can be seen reduces to finite conjunction
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Main results

Theorem (AdAB, DdJ, JjJ, AV)
Let p,vp € Lyy. Then: ¢ FQre, ¥

0
(¢ — ) € QPL(PA)

and: © FQre; ¥

il
(¢ — 1) € QPL(PA)

Soundness also works for HA

HA proves: PA is M9 conservative over HA

Complexity of unprovable substitutions using Solovay is not high
this low complexity is preserved during the translation

universal quantification can be seen reduces to finite conjunction
Recall that PL(HA) was a long-standing open problem
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Semi-closure

® HAF -V xp & Ixp.
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Semi-closure

® HAF -V xp & Ixp.
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Semi-closure

® HAF -V xp & Ixp.
® HAFVXx—p < 3xop.
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Semi-closure

® HAF -V xp & Ixp.
® HAFVXx—p < 3xop.
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Semi-closure

® HAF -V xp & Ixp.
® HAFVXx—p < 3xop.

® |n general
HA ¥ ¢ <
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Semi-closure

HAF -V xp < dx-p.

HAFVx—p < 3 xp.

In general
HA ¥ ¢ <

But we do have excluded middle for decidable D and in particular
HAF D < —==D

for A? formulas
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Semi-closure

® HAF -V xp & Ixp.
® HAFVXx—p < 3xop.

® |n general
HA ¥ ¢ <

® But we do have excluded middle for decidable D and in particular
HAF D < —==D

for A? formulas

® In general excluded middle for ¥; sentences fails HA ¥ S < =5
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Semi-closure

® HAF -V xp & Ixp.
® HAFVXx—p < 3xop.

® |n general
HA ¥ ¢ <

® But we do have excluded middle for decidable D and in particular
HAF D < —==D

for A? formulas
® In general excluded middle for ¥; sentences fails HA ¥ S < =5
® But: HAF OpaS < Oya——S for S € 34
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Semi-closure

® HAF -V xp & Ixp.
® HAFVXx—p < 3xop.

® |n general
HA ¥ ¢ <

® But we do have excluded middle for decidable D and in particular
HAF D < —==D

for A? formulas
® In general excluded middle for ¥; sentences fails HA ¥ S < =5
® But: HAF OpaS < Oya——S for S € 34

® Trick: employ [N>-conservativity between HA and PA where we have
HAEVYA (OyaA — OpaA) for any A.
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Closing
0000

Semi-closure

e HAFVS € X1 OuaS < Oya—S
® HAFVS e X, (DHAVX_'_\S <~ DHAVXS).

The negation of a Ny sentence is equivalent to the double negation of a
> 1 sentence over HA:

HAF-VxD <+ —=Vx--D (1)
< ——dx-D

where clearly 3x =D € ¥ 1.
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HAFVYAEe, (QHAA <~ QPAA).

In HA, fixing A € ¥, with A=3dxP. and S € X1 so that
HAF =P < —==S. (2)

OnaA < —0Opa-A

=Oya—Ix P
ﬁDHAVXﬂP

_‘DHA Vx—-—S by (2)
ﬁDHAVXS

—'DPA VxS
=Opp——Vx S
Opa~VxS$S

OpaIx—S

OpaA by (2).

RS R S A A R A
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Bounds on complexity

® The ); are limit statements, a priori 2,
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Bounds on complexity

® The ); are limit statements, a priori 2,

® but actually lower: a combination of Iy and ¥; as follows:

Exf(x)=)AVx,y (f(x)=iAx<y— f(y)=1i).
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Bounds on complexity

® The ); are limit statements, a priori 2,

® but actually lower: a combination of Iy and ¥; as follows:
Exf(x)=)AVx,y (f(x)=iAx<y— f(y)=1i).

® For any such limited substitutions * we have in HA that

for arbitrary A

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1

Closing
[e]e]e]e}




Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA)
000000000000 000000000 000000000000000 000000

Bounds on complexity

® The ); are limit statements, a priori 2,

® but actually lower: a combination of Iy and ¥; as follows:
Exf(x)=)AVx,y (f(x)=iAx<y— f(y)=1i).

® For any such limited substitutions * we have in HA that
A* is of Lo complexity for any theory T

for arbitrary A
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A tRre, B if and only if for all realizations -* we have HA - (A — B)*.

(Completeness) Assume A Frc, B. Embed the extended counter model
into arithmetic using the PA Solovay function, which will be our
arithmetical interpretation, -®.
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A tRre, B if and only if for all realizations -* we have HA - (A — B)*.

(Completeness) Assume A Frc, B. Embed the extended counter model
into arithmetic using the PA Solovay function, which will be our
arithmetical interpretation, -®.

Thus, p® :=\/;, Ai. Note that p® is a Boolean combination of ¥; and
My formula and so is A® for any A
Assume towards a contradiction that HA = A®HA — B®HA,
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A tRre, B if and only if for all realizations -* we have HA - (A — B)*.

(Completeness) Assume A Frc, B. Embed the extended counter model
into arithmetic using the PA Solovay function, which will be our
arithmetical interpretation, -®.

Thus, p® :=\/;, Ai. Note that p® is a Boolean combination of ¥; and
My formula and so is A® for any A
Assume towards a contradiction that HA = A®HA — B®HA,

Then HA = A®PA — B®PA,

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
00000e [e]e]e}

000000000000 000000000 000000000000000 O

A tRre, B if and only if for all realizations -* we have HA - (A — B)*.

(Completeness) Assume A Frc, B. Embed the extended counter model
into arithmetic using the PA Solovay function, which will be our
arithmetical interpretation, -®.

Thus, p® :=\/;, Ai. Note that p® is a Boolean combination of ¥; and
My formula and so is A® for any A
Assume towards a contradiction that HA = A®HA — B®HA,

Then HA = A®PA — B®PA,

Whence PA - A®PA s B®PA,
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A tRre, B if and only if for all realizations -* we have HA - (A — B)*.

(Completeness) Assume A Frc, B. Embed the extended counter model
into arithmetic using the PA Solovay function, which will be our
arithmetical interpretation, -®.

Thus, p® :=\/;, Ai. Note that p® is a Boolean combination of ¥; and
My formula and so is A® for any A

Assume towards a contradiction that HA = A®HA — B®HA,

Then HA | A®PA — B®Pa,

Whence PA = A®PA — B®PA

This contradicts completeness of RC; w.r.t. PA. O
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In summary

® PL(HA) finally settled but lacks an easy axiomatisation
® Strictly positive fragment has an easy axiomatisation with RC
® There is no quantified provability logic with Ly
QRCq:
® quantified, strictly positive provability logic with L v
® decidable

® sound and complete w.r.t. relational semantics (with constant domain
models!)

® sound and complete w.r.t. arithmetical semantics
o for all sound r.e. theories extending 131
® Both for HA and PA

Joosten + (UB+) Formalised provability in constructive arithme Marseille, May 1



Provability and logics Provability for HA Quantified reflection calculus QPL(PA) = QPL(HA) Closing
000000000000 000000000 000000000000000 000000 0000

Forthcoming research

® Determine the set of always true QRC; sequents
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® Determine the set of always true QRC; sequents

® Gauge computational complexity of QRCy
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® Determine the set of always true QRC; sequents
® Gauge computational complexity of QRCy

® Neighbourhood / topological semantics for QRC;?
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® Gauge computational complexity of QRCy

Neighbourhood / topological semantics for QRC;?
Polymodal version of QRC; (also for HA?), that is
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Forthcoming research

® Determine the set of always true QRC; sequents

® Gauge computational complexity of QRCy

Neighbourhood / topological semantics for QRC;?
Polymodal version of QRC; (also for HA?), that is
Extend results to QRC,,
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Forthcoming research

® Determine the set of always true QRC; sequents

® Gauge computational complexity of QRCy

® Neighbourhood / topological semantics for QRC;?
® Polymodal version of QRC; (also for HA?), that is
® Extend results to QRC,,

e Computational complexity of QPL(PA 4+ A" L) for A a suitable slow
provability notion
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Forthcoming research

® Determine the set of always true QRC; sequents

® Gauge computational complexity of QRCy

® Neighbourhood / topological semantics for QRC;?
® Polymodal version of QRC; (also for HA?), that is
® Extend results to QRC,,

e Computational complexity of QPL(PA 4+ A" L) for A a suitable slow
provability notion

® Can we enhance the expressibility of QRC; without losing decidability?
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Forthcoming research

® Determine the set of always true QRC; sequents

® Gauge computational complexity of QRCy

® Neighbourhood / topological semantics for QRC;?
® Polymodal version of QRC; (also for HA?), that is
® Extend results to QRC,,

e Computational complexity of QPL(PA 4+ A" L) for A a suitable slow
provability notion

® Can we enhance the expressibility of QRC; without losing decidability?

® Applications to ﬂ(lJ ordinal analysis?
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QPL(PA) = QPL(HA)

Thank you
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